"NON COMMUTATIVE ALGEBRAIC SPACE OF FINITE

ARITHMETIC TYPE”

1. INTRODUCTION

(1)
(2) ultra filter 0

2. ULTRA FILTER

DEFINITION 2.1. X 5

(1) §2A B — ANBeg.

(2)F§2A, ACA CX = A C§.
filter ultra filter

Ultra filter

universality

filter



( )
LEMMA 2.2. U X ultra filter

(1) X =X;3UX, X1 Xy U
(2) X = X3UXoUX3U... Xy X1, Xo, ..., Xy U
(3) disjoint union U X;
U
DEFINITION 2.3. X  ultra filter &/  principal ultra filter reX
U={UcC X;zeU}
principal filter ultra filter X
x (Bourbaki principal filter “trivial
filter” )
Lemma  (3)
LEMMA 2.4. X ultra filter U E
U principal filter
non-principal ultra filter
2.1. :Ultra filter . ultra filter
LEMMA 2.5. X
Cy(X) Cy(X) (C*- )
Cy(X) Y =Spm(Gy(X)  G(X)
5
(1) Y ( Cy(X) )
(2) Gp(X) C C- ¥
(3) Cy(X) C *-
4) X (Stone-Cech )
(5) X wltra filter
ultra filter X principal ultra
filter X non-principal ultra filter X ¢ K
(

wikipedia ( web URL http://en.wikipedia.org/wiki/
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)

PROOF. (2) © (1) ® (
)
Cy(X) C*- ( Banach ) m
(om Cy(X) ) Cp(X)/9M  Banach
C (Gelfand-Mazur
C- ( )
) (3) (1)-(3)
(4) (1) X K ¢
K C(K) f f
) ¢ ¢*(f)

¢ C(K) — Cp(X)

- C*- C(K)
K (Stone-Weierstass
C*- )

Y = Spm(Gy(X)) — K
Y Y

(5) X ultra filter U (3) Cp(X) f

f Uu ()
/ K>0

f(X)e Dgk ={2€C;|z|] <K}

Dy K e>0 Dy

ultra filter J

J f74(By) u Uel fU)



fU) ( ) cyeC

2.2. . P 7./ pZ F,

P F,» F, injlim, Fpr ~ Fpeo

DEFINITION 2.6. P = Spm(Z) (Z
) mnon-principal Ultra filter U

Qu=[][F,/u 0

o = [[Foe/ Wt 0)

Hp FP
(%)peP (ap S Fp)
[1,F, “u
Hp FP Iu
Qu
Iy ={(ap)pep € HFp? 3U such that a, =0 for all p € U}
p
Qi
PROPOSITION 2.7.
(1) Q. Qu 0
(2) Q)
PROOF. (1)
@Ua 1(,{00) QU
f=0) Q 0 ( )
E, = {p € Spec,(D); f, # 0}
EclU ENE (

f=0 ) (u ) £ U f
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9= (9p)
ft ifpeFE
9p = .
0 otherwise
@M 0 n n =20 QZ/I
EyelU
n e ﬂ pZ
pEE)
Ey U U  principal
ultra filter
Q) N
Q)
FX)=X"+a" VX" +a"2X" 2+ 4+ aVX + a0
o) = (%(gj))p a}(gj) € Fpes
p IF‘poo
FP(X) — X" + a}(}n—l)Xn—l + a;n—2)Xn—2 I CLS)X + CL;O)
Fpeo F, xl(,l), xz(gz), e

() = @), eq”  (G=1....n)

z F QP

{xg) 1
n! D F(X)
b
op €6,
2(0) — (x(op(l)))p € @5,00)
F S, T

)



Spm(Z) = U,eg, Ur disjoint union

ultra filter U, U
p U op T ()
(D)
ultra filter
(&, ) U
PROPOSITION 2.8. ultra filter U Qu Q Q
()
Lemma
LEMMA 2.9. feZX]\Z f modulop T,
b
PRrROOF. f € Z[X]|\ Z f modulo p T, P
P1,P2,---, PN f(x) f([[‘+c>
f —f x>0 f(z)>0
{fG);7=1,2,3,...;} C{pi'ps*...p\;e1,ea,...,eny € N}
#{pT'p3? .. .p¥ser,ea,...,ey € NP N Neom) < #{eg,e0,...,ey € Noy } = m™
#({f():d =1,2,3,...,} N Negn) ~ 27/
@ f )

LEMMA 2.10. fi, fos o fn €EZ[X]|\Z F,
p
PrROOF. Q fl,fg,...,fn o1,09,...,QN K
K L L Q (0

L Q B
B Q Lemma
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(Proposition 2.8 ) Z monic S
S = {f17f27"'7fn} €S
Us={p € Som(Z); f1, for- .. fu Ty }
Us S TeS

UsNUr =Usur # 0

Uy ={U € Spm(Z);3S € S such that U € Ug}

Uy filter ( Uy filter base {Ug; S € S}
) Uy ultra filter ( ) U

U  mnon principal Uu Z
Qu 0

LEMMA 2.11. Qz(j") Qu R

PROOF. Q) F o
#QIY < #R
) Qu Qu
Qz,{ — Sl = R/Z

L Fp — St

tp:F,=7Z/pZ>(n modZ)— (n/p modZ) € R/Z.

well-defined T
W(WM((ap))) = ph_)r(r)lo Lp(ap)
u
limit filter limit ultra filter
(Lemma 2.2
) St a a, € F, Lla,) «
((ap)) = T O
(00)
U
COROLLARY 2.12. () = C,
PROOF. 0 (tran-
scendense base
) O
(ultra filter U ) Fpeo



2.8 F
limit ultra filter
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abel A. Rosenberg  [4]
Grothendieck abel
abel
abel
Rosenberg
3.1. R-abel
DEFINITION 3.1. R abel C  R-abel C
(1) Ml, Ms € Ob(C) HOIl’lc(Ml, Mg) R-
(2) R-
(a.f)og=a.(fog) = folag)
a€R C ( ) fv g
R-abel R-abel R- (additive )
R- (R — module) R-abel R-abel
augmented (R — module) C R-
DEFINITION 3.2. C R R-abel R
R/I-abel C/I C
Ob(C/I) ={M € Ob(C); IM = 0}.
(IM =0 ael

M2 M
0 )

abel
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DEFINITION 3.3. k p#0 little non commutative algebraic
space of finite type over k
(1) X k  finite type
(2) X A A Ox- Ox-
(X,A) Cqeon (X, A) A- D x-

augmented k-abel

DEFINITION 3.4. R R O “non com-
mutative algebraic space of finite arithmetic type” X (over R)

(1) R- ( ) Caeon(X)
(2) p € Spm(9) little non commutative algebraic
space of finite type (X, Ax(y)) over R/p

(3) p e Spm(D) Ccoh/]J = choh(X(p)u AX(IJ))

“non commutative algebraic space of finite arithmetic type”
NC (“finite arithmetic type”

R NC morphism
(little NC

( )
)

DEFINITION 3.5. R R ) X, Y R
NC X Y morphism

(1) Coeon(Y') Cqeon (X) (¢ ")
(2) p € Spm(D) (X, Ax(p)) (Y(P),Ay(p)) little NC
fiw-
modulo p p

NC localization, étale, smooth
X  smooth p € Spm(O) X smooth
Axw X Oxpr-
( X P
O/p
)
NC affine -

A Coeon(X)  (A-modules)



( )

A (A — modules)  NC-
(4.2 ) Weyl
(4.1 ) Lie (4.3 )
Xp) A/pA Spec
Weyl Lie
NC
4.
4.1. Weyl algebra.
DEFINITION 4.1. k Weyl A, (k) k
( )
An(k) - k<€17 527 ) 5”7 N, M2y - 7””)/(”]51 - gllr]] - 51]) 1 S ZJ] S ’I’L),
(where 0;; is the Kronecker’s delta.)
(An(k) (k) ind-scheme k-
k
k §,1
k
)
An(k) Zn(k)  2n 1565 E0 s s -,
k An(k) Zn(k) matrix bundle  section
4.1.1. Weyl k p>0
Weyl k- Zn(k) k-
( [5]
Su(k) = k[T\, Ty, ..., T, Uy, Us, ..., Uyl Ty = (NP, U; = ()P
Sn(k) - () Vo Au(k)
PRrROPOSITION 4.2. k p>0 oA, — A, k-
f :SpecS,, — Spec S, ¢ morphism

G(f V)G =V +w
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w =Y (wr,dT; + wy,dU;)

Wh + (0/0T) Nwr, = i r) =0

J=1 L
(4.2) " o (1=1,2,...,n)
-1 7OV
W, + (0/0U)" (wr, - ZT ) =0
- /
where T; = (T3) = f*(T;), Ui = 9(U) = £*(U))
wr; Wy, w T; Ui
1- w suffix
(
)
p=3n=1
&1 — &mér,m — mém
) [0) f étale
¢
) P [ étale \%
Weyl \Y p>>0
4.1.2. wultra filter 0 . ultra filter
Qu Weyl A, (Qu) symplectic
dTy NdUy +dTo ANdUy + - - -+ dT, A dU,
An(@u)
h—0
symplectic Weyl
Qu- Weyl
4.1.3. Weyl localization ultra filter

An = k(& m,67)

1 _
£ &2 n— 3¢ n



( )
LEMMA 4.3. f € A (Z) 7€ Z,(F,) ( p ) An(Z);

modulo p

((An) ) (Fp) = An(Fp) ®2z,(x,) Zn(Fp)[(fp)_l]
Za(FE)[(fP)Y finitely generated

f localize
LEMMA 4.4. Let p be a prime. Then in k{§,n)/(n — &n — 1), we have the following

identity.

(1) &' = (En)(En—1)En—1)...(En— (- 1))

(2) n'¢" = (En+D)(En+2)... (En+1)

(3) (En)F —&n = &P

(4) Let f(w)=(w—a1)...(w—a) € klw], a; € k. Then we have

)

(fEmn®)F = (H(fpnp —al + az-)) n°P.

for any positive integer s which is relatively prime with p.
(5) For any polynomial f, g € klw], we have

L (€mm’, g(€n)€') = F(&n) — F(&n — 1)
where F(w) =w(w+ 1)(w+2)...(w—t+1)f(w)g(w + ).

f, s>0 f(&n)n®  localization
f&n)

f(gn) inverse n
LEMMA 4.5. (02 —2)n (0 =¢&n)

(6% = 2)n)" = &0 — 4(1 — (}g,))’?p - {

((1%) is the Legendre’s symbol).

ultra filter 2
B = An[g—I’ 77_1]
(6% —2) (mod p ) ultra filter 2
B (6?-2) mod p
ultra filter inverse
algebra

algebra  mod p limit
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4.2. Cuntz O,. Cunts Oy ( )

* * * _ * _ * * * _ * _
Oy = (e1,e9,€], €5, e1e1 = 1, e5ea = 1, e1€e] + ege; = 1,e5e1 = 0,ejea = 0,)

( O, C- C*-completion
Cuntz c*
( ) O3 O,
)
O, ( ) €1, €2
1 =eejese; =2 O, ( )
0, 03,04,...,0,,... O (Oso
)
Cunts K- 1]

Weyl Cuntz

4.3. . C Lie g U(g)
g
THEOREM 4.6. (Serre) C Lie g
2] 18.1 )
(1) [hih;] =0
(2) [zivil = hi,  [ziy;] =0 if i # j.
(3) [her;] = (v, iy, [hays] = —(ay, aq)yy,
(4) (ad ;)= tl(z;) = 0
(5) (ady;)~ (e (z;) = 0
g {xhyi; hi}
go = @<{Iz‘7 Yi, hz})
Q p Fp
( 1%
Q Fp suffix VQ, va
)
g



(
{z} O Awi})

restricted Lie

THEOREM 4.7.
A c 993

g=bdn  dn_

b {hl} n, ( ‘(1_)

gQ - bQ @ n+Q @n_(@

n éen_ {ni,na...
n;  ad-nilpotent
p>0 Q
9k
restricted Lie 3] Lie
Lie
k Lie gr  Killing form

ad(AY(B) = [AY,B] (VB € g)

47, B] = AW, B] (VB € )

casimir
g (Cartan sub algebra ) T g
(3 2 233

Coxeter 3 )
modulo p ok
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Poincaré-Birkoff-Witt () k ()

Re=k[{h —hi (i=1,....0, n? (i=1,....5)}

U(gr)
Ry,
gk Ulgr) P
o) = 2P — zlP!
restricted Lie @ p-semilinear
o(c1zy + camy) = do(x1) + () c1,Co € k, 1,9 € g
Ry, Poincaré-
Birkoff-Witt © Spec(Ry)
g g" ( Frobenius )
U(gr,) O-coherent  algebra sheaf O- locally free

3] g  u-algebra

U(g) g
algebra sheaf

math.RT /041002
( )

780-8520 2-5-1

e-mail: docky@math.kochi-u.ac.jp
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