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Let k be a ring. Let A be a k-algebra. Let M be an A-bimodule. A
k-linear map

D : A → M

is called a derivation if

D(xy) = D(x)y + xD(y) (∀x, ∀y ∈ A).

Proposition 0.1. Let A be a k-algebra. Let M be an A-bimodule.
Let I be an ideal of A.

(1) M can be regarded as an A/I-module if I.M = 0 and M.I = 0.
(2) Let M be an A/I-bimodule. A derivation D : A → M can be

factored through A/I if D(I) = 0.
(3) If I = (f1, f2, . . . , fn), then D(I) = 0 if and only if D(f1) =

0, . . . , D(fn) = 0.

Proposition 0.2. For any k-algebra A, there exists a “universal
derivation” d : A → ΩA.

Proposition 0.3. Let A be a k-algebra. Let M be an A-module.
Let us denote by Aϵ[M ] the A-module A⊕M with the following multi-
plication:

(a+ ϵx)(b+ ϵy) = ab+ ϵ(xb+ ay)

Then for any k-linear map φ : A → M , an algebra homomorphism
x 7→ x+ ϵφ(x) is given if and only if φ is a derivation.
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