Zy, Q,, AND THE RING OF WITT VECTORS

No.T7:

’T he ring of Witt vectors when A is a ring of characteristic p # 0. ‘

Recall A(A) = 14+A[[T]]T for a formal variable T'. To clearly describe
the variable, we will denote it as A(p)(A). It is topological-algebraically
generated by {[a]r =1 —aT;a € A}. the set of all Teichmiiller lift of
the elements a € A.

In summary, subsections 7.1-7.3 Tells:

e \-ring can be defined by using A(A).
e For any ring A, A(A) itself gives an example of A-ring.

But we do not use these sections this year.

7.1. A(A) as a A\-ring. The treatment in this subsection essentially fol-
lows https://encyclopediaofmath.org/wiki/Lambda-ring. (But a
caution is advised: some signatures are different from the article cited
above.)

DEFINITION 7.1. (A, A7 : A — Ap(A)) is called a pre-A-ring if
e A is a commutative ring.

o A\riA — Ar)(A) is an additive map.

Let us write Ar(f) for f € Aas Ap(f) = (32, N¥(f)T7)w. Then the
additivity of A can be expressed as identities of {\} of the following
form:

e \N(f)=1 (VfeA).
o M(f)=f (VfeA).
hd )\n(f "‘9) = Zi+j:n )\(f))‘j(g) Vf,g € A
(Note that A’ is not a “j-th power of \” in any sence.)
DEFINITION 7.2. Let R = (R,A(}) : R — Ar(R)), S = (S, A7y
S — Ar(S)) be pre-lambda rings. Then a A-ring homomorphism from

R to S is a ring homomorphism ¢ : R — such that the following
diagram commutes.

Al
R—Ar)(R)

@ \LA(T)(‘P)
§—z A5

(T)

The map Ary(p) which appears above is defined as follows:
Ay (@) aTw) = O _w(a)T)w  ({a;}; C A)
(Yes, we regard A(r)(e) as a functor.)

We also note, as a consequence of the definition, that we have the
following formula for Teichmiiller lifts:

Aay(@)([al) = [p(a)]  (Va € A)
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7.2. A(A) as a pre-A-ring. There exists an additive map Ag : A(p)(A) —
A(S)A(T)(A) defined by

As(lalr) = [lalrls  (Va € A)

Proo¥. For o(T) = [[,(1 — &T), we have
> _l&lrly
= f[(l — [6]rU))w
=00 Y G Ll (-U)w

n 11<t2<...in

=D Y, (=& &Dw(=U)"w

n 11<i2<...ip

=0 I -6 . .&Dw0)"w

n  11<i2<...in

Z(Z(Z Lin(a)T7)w (=U)")w

So the required map is given by

(S asw = (S L@ ()

J n  j3=0

7.3. A-ring.

DEFINITION 7.3. A pre-A-ring A, Ap : A — Ay (A) is a A-ring if
Ar i A= Aery(A) is a A-homomorphism.

PROPOSITION 7.4. For any commutative ring A, (A(A), A\v : Ay (A) —
ANy (A) is a A-ring.

ProOF. To avoid some confusion, we use lower case letters for inde-
terminate variables. Moreover, to distinquish all the lambda’s around

here, we denote by A the lambda operation on A(A):

Atw) - Ay A 3 [als = [[a]i]u € AwyAp A

where [a]; is the Teichmiiller lift of @ € A in Ay A. We need to verify
the commutativity of the following diagram:

A(tu)

Aw)(A)

A("’v“) i \LA(t)()‘(v,u))

A AwA — Ay (A AwA)
Att,v)

Ay(AwyA)
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which can be verified by a diagram chasing for generators [a],(a € A):

a)u — [[al.]
f\(v,u)l lA(t)(i(v,u))
Ha]u]v m [Ha]u]v]t

7.4. Idempotents. We are going to decompose the ring of Witt vec-
tors A(A). Before doing that, we review facts on idempotents. Recall
that an element x of a ring is said to be idempotent if 22 = .

THEOREM 7.5. Let R be a commutative ring. Let e € R be an
tdempotent. Then:
(1) e =1 — e is also an idempotent. (We call it the complemen-
tary idempotent of e.)
(2) e, é satisfies the following relations:
e?=1, &=1, ee=0.
(3) R admits an direct product decomposition.:
R = (Re) x (Re)
DEFINITION 7.6. For any ring R, we define a partial order on the
idempotents of if as follows:
e-f <= ef=Ff

It is easy to verify that the relation > is indeed a partial order. We
note also that, having defined the order on the idempotents, for any
given family {e,} of idempotents we may refer to its “supremum” Ve,
and its“infimum” Aey. (We are not saying that they always exist: they
may or may not exist. ) When the ring R is topologized, then we may
also discuss them by using limits,

7.5. Playing with idempotents in the ring of Witt vectors.

DEFINITION 7.7. Let A be a commutative ring. For any a € A, we
denote by [a] the element of A(A) defined as follows:

[a]| = (1 —aT)w
We call [a] the “Teichmiller lift” of a.

LEMMA 7.8. Let A be a commutative ring. Then:
(1) A(A) is a commutative ring with the zero element [0] and the
unity [1].
(2) For any a,b € A, we have
[a] - [b] = [ad]
U

PROPOSITION 7.9. Let A be a commutative ring. If n is a positive
integer which is invertible in A, then n is invertible in A(A). To be
more precise, we have

0 (5O
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PROOF. It is easy to find out, by using iterative approximation, an
element x of A[[T]] such that

(1+2)"=01-T).
Indeed, assume we already know that there exists
{bl,bg, R bk} CcA

such that we have
k
1+ 07" =(1-T) mod T",
j=1

(The elements {b;} can actually be computed by the binomial theorem,
but we don’t care.) Then there exists a1 € A such that

k
L+ 01" =1 =T)+ ap T mod TH,
j=1

Now, let us put ¢ = —% - ap41. By our assumption, the element c is an
element of A. We compute:
k

(L4 17 + T

j=1
k k
=(1+ Y _bT)" +n(l+ Y bTi)" et
j=1 Jj=1

k
=(1+ Y 0;T9)" + ncT**! = 1 — T*' mod T+
j=1
So we may proceed with induction. O

DEFINITION 7.10. For any positive integer n which is invertible in a
commutative ring A, we define an element e, as follows:

1
€n — E . (1 —Tn)W

LEMMA 7.11. Let A be a commutative ring. Then for any positive
integer n which is invertible in A, we have:

(1) e, is an idempotent.
(2) X
en = (1 — =T" + (higher order terms))w
n

(3) If n|m, with m invertible in A, then e, > e, in the order of
1dempotents.

PROOF. if n|m, then we have
€n * Em = Em.
U

It should be important to note that the range of the projection e, is
easy to describe.

PROPOSITION 7.12. Let n be an integer invertible in A. Then we
have e, - A(A) = {(f)w|f € 1 + T"A[[T"]]}

Proor. Easy. Compare with Lemma 7.14 below.
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DEFINITION 7.13. Let A be any commutative ring. Let n be a pos-
itive integer. Let us define additive operators V,,, F,, on A(A) by the
following formula. (V}, is called Verschiebung map. F), is called “Frobe-
nius”” map.)

Va((F(T))w) = (F(T"))w-
E((f)w)(= ([T £w = Y (FECTY™)w) = Vi ((A=T")w-(f(T)w)

(The formulae in parentheses in the latter definition is a formal one. It
certainly makes sense when A is an algebra over C. Then the definition
descends to a formal law defined over Z so that F}, is defined for any ring
A.) In other words, F), is actually defined to be the unique continuous
additive map which satisfies

F.((1—aT™)y=d-(1—a"T™)w

(n,m € Z,d = ged(n,m),l =lem(n,m),n = n'd;m =m'd(n',m" € Z))
See Proposition 6.3. for details of computations. )

LEMMA 7.14. Let A be a ring. Then for any n which is not divisible
by p, Then for any n € Z~y which is invertible in A, the map
1
— Vo A(A) — A(A)
n
1s a “non-unital ring homomorphism”. Its image is equal to the range
of the idempotent e,,. That means,

Image(% Vo) = ews MA) = {320 = 5 T™wiyy € A (V)

In other words, % - Vi, gives a usual(i.e. unital) isomorphism between

A(A) and e, - A(A).

PRrROOF. V,, is already shown to be additive. The following calcu-
lation shows that % - V,, preserves the multiplication: for any positive
integer a,b, let us write d = ged(a,b),a = d'd,b = Vd(da’, bV € Z) with
[ =lem(a,b)(= a’b'd). Then for any element =,y € A, by using Propo-
sition 6.3, we have:

(- Val(1 =) - (Va1 = yT))
= (1= 2T - (- (1= yT")
= V(L= 2T - (1= yT)w)

(We actually can save this computation by using “splitting method” +
functoriality+7-addic completion arguements)

We then notice that the image of the unit element [1] of the Witt
algebra is equal to 2V, ([1]) = e, and that 1V (e,f) = e,f for any
f € A(A). The rest is then obvious. O
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7.6. The ring of p-adic Witt vectors (when the characteristic
of the base ring A is p).

LEMMA 7.15. Let p be a prime number. Let A be a commutative ring
of characteristic p. Then:

(1) We have
E((F(D)w) = (FTV)))w  (Vf € A(4)).

in particular, F, is an algebra endomorphism of A(A) in this
case.

Vo(Ep(Nw) = E(Vo((f)w)) = (F(T))w = p- (S(T))w

By using a boolean-algebra-type argument, we have:

PROPOSITION 7.16. Let p be a prime number. Let A be a commuta-
tive ring of characteristic p. We have a direct product expansion

AA) = T enph(a)
{nipin}
where the idempotent e, is defined by

Cnip = €n — \/ em

{m;n|m,n<m,ptm}
Of course we need to consider infimum of infinite idempotents. We
leave it to an exercise:

EXERCISE 7.1. Show that the supremum \/ ey exists.
{min|m,n<m,ptm}

Hint: Put S, = {q; prime, q # p}. then:

we Ve Vew Ao
{m;n|m,n<m,ptm} q<Sy qeS)
=e, /\ (1—eny)
{g;prime,q7#p}

= e [T - en)

qEeSy

1= Z (1 = €ng) + Z (1 = engi€ns)

q1E€Sp q1,928p,91<q2

N Z <1 _en(ZleTLQQenqg,) + ...

91,92,938p,41<q2<q3
The n =1 case is the most important. We note that e; = [1].

PROPOSITION 7.17. Let p be a prime. Let A be an integral domain
of characteristic p.
Then ey, defines a direct product decomposition

A(A) = (1 - AMA)) x ([1] = e1p) - A(A)) -

We call the factor algebra ey, - A(A) the ring AP)(A) of p-adic
Witt vectors.

For any n > Z-( \ pZ, our idempotent e, , can be described by ey,
using the Verschiebung V,,:
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PROPOSITION 7.18.
Ensp = Vn(el,p)

7.7. The ring of p-adic Witt vectors for general A. In the preced-
ing subsection we have described how the ring A(A) of universal Witt
vectors decomposes into a countable direct sum of the ring of p-adic
Witt vectors. In this subsection we show that the ring A®(A) can be
defined for any ring A (that means, without the assumption of A being
characteristic p).

Image(V,,) plays a role of substitute for Image e,,. It’s even better in
the sence that (1 — ¢I™)w € Image(V,,) may not be a elemnt of the
form n(1 — aT™)w for any a € A. We have:

PROPOSITION 7.19. I, = Image(V},) is an ideal of A(A).

PROOF. Let us calculate a multiplication of additive generators (as
topological modules) of A(A) and I,, :
(1= aT™)w) - Va((1 = 0T™)w) = (1 — aT*)w) - (1 = bT™"™)w)
=d(1 —a'b*'THw € I,
(d = ged(k,nm),l = lem(k,nm))
O

DEFINITION 7.20. Let A be any commutative ring. Let p be a
prime number. Let us put S, = {¢;prime,q # p}. Let Iy be
the (topological) closure of the ideal (Uges, Image(V;)) generated by
Uges, Image (V).

Then we define

AP (A) = A(A)/ 1)

LEMMA 7.21.

AN 5 (@1, Tp, Tp2, Tps ... ) > Z (1-— T, kT” Jw mod I € A(p)(A)
k=0

1S a bijection.

LEMMA 7.22. Let us define polynomials aj(X,Y) € Z[X,Y] by the
following relation.

(1=aT)(1 = yT) = [ [(1 = ay(z,y)T7).
j=1
Then we have the following rule for “carry operation”:

o0
(1—2T")yw + (1 —yT™)w = Z(l — a;(z, )T )w
j=1
DEFINITION 7.23. For any commutative ring A, elements of A®)(A)

are called p-adic Witt vectors over A. The ring (AP(A),+,-) is
called the ring of p-adic Witt vectors over A.



