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ABSTRACT. Let L, for a positive integer n denote the stable homotopy cate-
gory of vy L BP-local spectra at a prime number p. Then, M. Hopkins defines
the Picard group of L, as a collection of isomorphism classes of invertible
spectra, whose exotic summand Pic® (Ln) is studied by several authors. In
this paper, we study the summand for n with n? < 2p+2. For n? < 2p—2, it
consists of invertible spectra whose K (n)-localization is the K (n)-local sphere.
In particular, X is an exotic invertible spectrum of £,, if and only if X A M J
is isomorphic to a vy L BP-localization of the generalized Moore spectrum M J
for an invarinat regular ideal J of length n. For n with 2p—2 < n? < 2p+2, we
consider the cases for (p,n) = (5,3) and (7,4). In these cases, we characterize
them by the Smith-Toda spectra V(n—1). For this sake, we show that L3V (2)
at the prime five and L4V (3) at the prime seven are ring spectra.

1. INTRODUCTION

Let S, be the stable homotopy category of p-local spectra for an odd prime
number p. Consider the Brown-Peterson spectrum BP characterized by the ho-
motopy groups 7.(BP) = BP. = Z)[v1,v2,...] over generators v;, with degree
lvg| = 2(p* — 1). We work in the stable homotopy category £,, for n > 0 consist-
ing of v, ! BP-local spectra. A spectrum X € L, is called invertible if there is a
spectrum Y such that X AY ~ L,S% Here, L,: Sp — L, denotes the Bousfield
localization functor. Mike Hopkins introduced the Picard group Pic(L,,) consisting
of the isomorphism classes of invertible spectra (c¢f. [14]). Mark Hovey and Hal
Sadofsky [4] showed that Pic(L,,) is an abelian group with the decomposition

(1.1) Pic(L,) = Z & Pic®(L,,),
and
(1.2) Pic’(£,) =0 ifn>+n<gq
for the integer
q=2p—2.
For each n > 1, consider an invariant ideal
(1.3) J = (p, v, ... ,u."7") C BP,

for positive integers e; (see (2.2)). We call a spectrum M J with BP,(M.J) = BP,/J
a type n generalized Moore spectrum.

(1.4) (Hopkins and Smith [2]) For each invariant ideal J of the form (1.3), there
exists a type n generalized Moore spectrum MJ' for an invariant ideal J' of the
form (1.8) with J C J.
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Let M J for an invariant ideal J in (1.3) be a type n generalized Moore spectrum,
and put

Sy ={[X]| X € thick(L,S5%), X A\MJ ~ L,MJ},
where [X] denotes the isomorphism class of X.

Theorem 1.5. S is a subgroup of Pic’(L,,).

Let E(n) be the n-th Johnson-Wilson spectrum. Then, the category L, also
consists of E(n)-local spectra. The spectrum gives rise to the Hopf algebroid

(E(n)s, E(n)«(E(n)))
= (Zpy[v1,v2, . .. ,vn,vgl], E(n), ®pp, BP.(BP)®pp, E(n).)

induced from the Hopf algebroid BP,(BP) = BP.[t1,ta,...] over ¢, with |t| =
2(p* — 1). We notice that

(1.6) ([6, Th. 1.1]) X € Pic(L,,) if and only if E(n).(X) = E(n). as an E(n).(E(n))-
comodule.

We put

(1.7) H*'M = Ext%'

E(n)*(E(n))(E(n)*,M) for an E(n).(E(n))-comodule M.

Then, we have the F(n)-based Adams spectral sequence

(1.8) ESNX) = H'E(n).(X) = m_s(L, X).

The isomorphism in (1.6) induces an isomorphism

(1.9) EyN(X) = EYY(SY)  for X € Pic’(L,,).
From now on, we assume that the integer n satisfies

(1.10) n>3 and n?+n<2q.

We notice that n < p — 1 under (1.10), and that by [10, (10.10)],

(1.11) ERTLR G0y — 0 for k> 1.

In this case, we have a monomorphism ¢: Pic’(£,) — Eg+1’q(50) by [6, Th. 1.2]
defined by ¢(X) = w for w in the differential

(1.12) dg1(1x) = wlx € B§TH(X),

where 1y is the generator of Ey?(X) = E3°(89) = Z(py- The monomorphism is
actually an isomorphism:

(1.13) ([12, Cor. 1.9]) Under the condition (1.10), Pic(L,) = EZTH9(89).

Let M J be a type n generalized Moore spectrum for an invariant ideal J of (1.3),
and

(1.14) iy S° — MJ,

the inclusion to the bottom cell. Consider the induced homomorphism
(1.15) (i7)s: BITH(S0) — BEITLI(AL).

Then, Theorem 1.5 and (1.13) imply the following:
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Proposition 1.16. Suppose that an integer n satisfies (1.10). Then,
Ker (i)« & Sy
for (i)« in (1.15) if LpyMJ ‘s a ring spectrum.
This together with (1.13) implies the following theorem:

Theorem 1.17. Let n be an integer satifying (1.10), and suppose that there exists
a type n generalized Moore spectrum M J for an ideal J in (1.3). If L,MJ is a ring
spectrum with BES™VY(M.J) = 0, then Pic®(L,) = EZT11(S%) = Ker (is). = S.

In this paper, we call M a ring spectrum if there exist maps ppr: M AM — M
and iy, S° — M such that the composite M = S° A M A AM A MM M s
homotopic to the identity. For a spectrum M J' in (1.4), Devinatz further showed

(1.18) (Devinatz [1]) We may take MJ' in (1.4) to be a ring spectrum.

The celebrated theorems (1.4) and (1.18) enable us to consider an inverse system

of type n generalized Moore ring spectra
MJD (ﬂ_lMJ(Q) <”_2 ...<£Mj(k) (W_kMJ(k+1) ﬂ e

in which J*) 5 J*+1 are invariant ideals such that (),~, J* = 0, and BP,(7*):
BP,(MJ®* D) — BP,(MJ®) are the canonical projections. Furthermore, we
assume that the Spanier-Whitehead dual D(MJ®)) of MJ® is isomorphic to
Y MJ®) for some a € Z. We fix such an inverse system, and denote the set of the
invariant ideals by

(1.19) 7, = {J® < BP, | J® is the invariant ideal in the above system}.

Let Lg: 8§ — S denote the Bousfield localization functor with respect to a
spectrum E. We notice that L, = L, -1pp. Furthermore, Lp(,) denotes L for a
type n finite spectrum F, which is Well defined since Lrp = Lp: for type n finite
spectra F' and F”.

(1.20)(Hovey [3, Th. 2.1]) Lpm)X ~ hJoeliImX ANMJ
Consider a spectrum v, 'BP A MJ for J of (1.3). Then, the Bousfield class
(vy'BPAMJ) of v,*BP A MJ equals the Bousfield class (K(n)) of the n-th

Morava K-theory K(n). Since LpmyagX = Lp@m)LeX by [3, Cor. 2.2], we obtain
Lp@)yLnX ~ Lg ) X. In particular, taking X = L,S% in (1.20), we have

0 .
Lgn)S® ~ hJ(.)ehI?L”MJ‘

Consider the kernel of the homomorphism Pico(ﬁn) — kn C Pic(Lk ) (cf [4,

Cor. 2.5]) induced from the localization Ly (,): Ln — L (n):

(1.21) S(n) = {[X] S Pic’ (ﬁn) | LK(n)S ~ LK(n)X}-

Proposition 1.22. [,z S; = S@u)-

The decomposition (1.1) implies that for any invertible spectrum X in £,,, there
exists an integer s such that X°X represents an element of Pico(ﬁn). Moreover,
Morava’s structure theorem implies that EZT"9(M.J) = 0 if n? < g and n > 3, and
so Theorem 1.17 and Proposition 1.22 as well as (1.2) imply the following:
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Corollary 1.23. Let p and n be the integers in (1.10). If n®> + n < q, then
Pic’(£,) = 0. If n? < g < n®+n, then Pic’(L,) = Sy = S(,). In other words, the
homomorphism Pic®(L,) — Pic(Lg(ny) induced from Ly is the zero homomor-
phism if n? < q. Furthermore, X is invertible in L, if and only if X € thick <LnSO>
and X N\MJ ~¥°L,MJ for an integer s and an ideal J of length n in (1.3).

Now suppose that ¢ < n?. In this case, we have little knowledge about the

homomorphisms (i), : EZTH9(S%) — EITH9(M.J). We notice that there is no pair
(p,n) satisfying n? — 2 = q or n? — 3 = ¢. So we consider the cases
1) (p,n) = (5,3), under which n? — 1 = ¢, and
2) (p,n) = (7,4), under which n? — 4 = q.
Note that in these cases, the Smith-Toda spectrum V(n—1) = M, exists but it
is not a ring spectrum (cf. [11]). Here, I,, = (p,v1,...,V,—1) is the invariant prime
ideal of BP,. In this paper, we show the following:

Theorem 1.24. For (p,n) = (5,3) or (7,4), L,V (n — 1) is a ring spectrum.
Theorem 1.25. For (p,n) = (5,3) or (7,4), EItTH9(V(n —1)) = 0.
Theorems 1.17, 1.24 and 1.25 imply

Corollary 1.26. For n = 3,4, we have

e =3 12!

514 p:7

d Pic’(Ly) =
an ic'(L4) {0 p> 11,

We notice that Pic’(£3) at the prime five is isomorphic to S, for Ji = (5,v1,v%)
with some k > 1 (at least p?), but the result may be less interesting and omit here.

In the next section, we show Theorem 1.5 and Propositions 1.16 and 1.22. We
verify Theorem 1.24 in section three. Section four is devoted to showing Theorem
1.25.

2. THE GROUP S

Consider an ideal
21) T= e

»¥n—1
of BP,, where e; >0, s; > 1 and p1 s;. Then, we notice the following:

(2.2) ([15, Th. 1.5])  J is an invariant ideal of BP, if and only if eg — 1 < e1 and
5 < p€i+1_5i_60+1 for 1<i<n.

Let thick <LnSO> denote the thick subcategory of £,, generated by L, S°. Since
L, is a monogenic stable homotopy category, we see the following:

(2.3) (¢f. [5, Th. 2.1.3]) If X,Y € thick (L,,S°), then so are D(X) and X AY.
Here, D(X) denotes the Spanier- Whitehead dual of X in L,,.

Lemma 2.4. Suppose that C € thick <LnSO> satisfies C AN MJ = 0 for a type n
generalized Moore spectrum MJ with J in (2.1). Then, C' = 0.

Proof. Let Ji, = (p°,v5',...,v."7') be an invariant ideal of E(n), for each 0 <
kE<mn (Jy=(0),J, = J). Suppose that C' A MJxy1 = 0. Then, the cofiber

vk . . . . Chvgk
sequence M.J;, == MJ, — M Jy41 gives rise to an isomorphism C' A M Jy, —

~
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C' A M Jy,, which implies E(n).(CAMJy) = vy 'E(n).(CAMJy). Since CAM.Jj, €
thick (L,5°), E(n).(C A MJ;) is a finitely generated E(n),-module, and hence
C AN M J, = 0. Inductively, we deduce C' = 0. [

Proposition 2.5 (cf. [5, Lemma A.2.6]). Let X € thick (L,S5%) and ev: D(X) A
X — 89 denote the evaluation map. Then, ev AD(X): D(X)AXAD(X) — D(X)
18 a retraction.

Proof. Consider the cofiber sequence
(2.6) DX)ANX =5 L,S° S C

of the evaluation map ev. It suffices to show the map ¢ A D(X) trivial.
The evaluation map ev defines a homomorphism

evw : [D(X),W AD(X)]. — [D(X)AX, W],

by evw (f) = (W Aev)(f A X). Consider the full subcategory
Tx ={W € L,, | evw is an isomorphism }

of £,,. Then, it is easy to see Tx thick, and L,,8° € Tx. It follows that thick <LnSO> C
Tx. By (2.3) and the cofiber sequence (2.6), we see C' € thick (L,S°), and so
C € Tx. Therefore, we have an isomorphism

eve: [D(X),C AD(X)])« — [D(X) A X, (..
Since

evo(cAND(X)) = (CNhev)(cANDX)ANX)=coev=0,

we obtain ¢ A D(X) = 0 as desired. O

Proof of Theorem 1.5. For [X],[Y] € Sy, XA\ YAMJ ~X ANMJ ~ L,MJ, and
so [ X AY]€S;.

We note that D(MJ) = X*M J for some integer a. Then,

DX)ANMJ~D(XANDMJ))~DE*X AMJ)
~ L,D(X°MJ) ~ L,D(D(MJ)) ~ L,M.J.

It follows that [D(X)] € S.

For [X] € S, we show that X is invertible. Consider the cofiber sequence (2.6).
Proposition 2.5 gives rise to the decomposition

D(X)AXADX)AMJ =~ (D(X)ANMJ)VEHCAD(X)AMJ),
which induces an isomorphism
L,MJ~ L,MJVYX YL,CAMJ)

by the above observation. Since E(n).(MJ) is a monogenic E(n).-module, the
summand FE(n)«(C A MJ) is zero. Hence L,C AN MJ = 0. Note that C €
thick (L, S%) by (2.3). Thus, Lemma 2.4 shows C' = L,C = 0, and X is invertible
in £, with X~' = D(X).

Furthermore, the inclution ¢ ; in (1.14) induces the canonical projection E(n).(i):
En).(X) = E(n)«(X)/J of E(n).(E(n))-comodules, and so we see X exotic. [

Proof of Proposition 1.16. Let o: Pic’(£,) — EST9(S°) denote the isomorphism
in (1.13), and consider the composite ¢': S; C Pic®(L,) %) EIT19(89) for the
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inclusion in Theorem 1.5. Then, for [X] € Sy, ¢'([X]) = w for w in dg41(1x) =
wly by (1.12). Note that the isomorphism 7 : XAMJ ~ L, M.J showing [X] € S,
induces an isomorphism of Es-terms in the commutative diagram

(47)

By (X)) —15% B3 (X AMJ)
Xy i) = (%)
E3*(S%) —= By (MJ),

where nf denotes the isomorphism in (1.9). We also have the generator 1xan g €

(3 )
E(n)«(XAMJ) L E(n).(M.J), which gives rise to the permanent cycle 1 xapry =
()7 (1ars) € Ey°(XAM.J) for the generator 157, € ES(M.J). Since (is).(1x) =
Ixamg € Eg’O(X A M J), the naturality of the differential shows

(i) (W) = (07 )ulig)x ()™M (w) = (97 )u (i) (wlx)
= (0F)x (i) (dgs1(1x)) = (07 )wdgr1((i)+(1x))
= (n()l'()*dq+1(1X/\MJ) = dq+1(1MJ) =0.

Therefore, the monomorphism ¢’ reduces to ¢': S; — Ker (i)..

For any w € Ker (i), let X,, denote an inverse spectrum such that [X,] €
Pic(L,) and dyy1(1x,) = wlx, € ESTH9(X,,). Send this relation under the
homomorphism (i), and we obtain

dgi1(1x,anes) = (i0)(dgr1(lx,)) = (is)s(wlx,) = 0 € B§THI (X, A MJ).

Thus, 1x, AmJ € Eg’O(Xw AMJ) is a permanent cycle and detects a map z§ 050
XwAMJ. Since L, MJ is a ring spectrum, the map sz extends to the isomorphism
L,MJ ~ X, ANMJ. Thus, [X,] € Ss, and ¢’ is the desired isomorphism. O

Proof of Proposition 1.22. Suppose X € mJeIn Sy. Then, it is shown in [13,
Prop. E] that if 7o (L, M J) is finite for each J € Z,,, then L) X ~ LK(n)SO. In our
case, H™""1K (n), is finite and equals zero if rq > n? by [9, (1.8) Cor., (1.9) Th.] (see
Lemma 4.2). It follows that E""?(MJ) is finite, and so is mo(L,MJ). Therefore,
X € S(n)- The converse is trivial. ([l

3. RING STRUCTURES ON THE SMITH-TODA SPECTRA L,V (n —1)

We begin with the definition of the Smith-Toda spectra V (k) = M I, for the
pairs (p, k) of a prime number p and a non-negative integer k with 2k < p and
k < 3. Here, Iy11 = (p,v1,...,vx) denotes the invariant ideal of BP,. The spectra
V (k) are defined by the cofiber sequences

50 2, 50 L o) L gt for p>2,
51) (1) 2 V() 5 V(1) L 21V (0)  for p >3,
»eV(1) 5 V(1) 2 v(©2) E netly(1) for p>5, and
26V (2) L V(2) 2 V(3) L 26ty (2) for p> 7T,
for
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(1 = q). Here, a € [V(0),V(0)]g, § € [V(1),V(1)]g, and v € [V(2),V(2)]g, are
the well known v;-, ve-, and wvs-periodic maps due to Adams, Smith and Toda,
respectively. In particular, we have a cell decomposition

V(2) = ((S°Up e") Ua (€7 U, e172)) Ug 22T (% Uy e!) Uy (e7T! U, e912))
and V(3) = V(2) U, ZBCV(2). Put
3(k)={i€Z|eisacell of V(k)}.

As stated in [16, p. 59], if m;—1(V(k)) = 0 for i« = s + a with a € 3(k), then
V(k)=D AV (k) — V(k) extends to V(k)®) AV (k) — V (k). Here, W@ denotes
the i-skeleton of W. Consider the Adams-Novikov spectral sequence

"E5' = Extyp ppy(BP., BP.(V(n—1)) = m_(V(n—1)).

Let P denote the dual of the Hopf algebra generated by the reduced power oper-
ations, isomorphic to Z/p[&1,&a, ... = Z/plt1,t2,...] = BP.(BP)/(p,v1,vs,...).
The isomorphism BP,(BP)/I, = P up to dimension < g, induces another one

"By = Extp'(Z/p. Z/p)
for t — s < g,. Toda [16] showed the following:
(3.3)([16, Lemma 2.2]) rank Ext%’t(Z/p, Z/p) < rank (P(by;) @ H**(U(L)))*".

Here, the module H**(U(L)) is also determined in [16, p.55] for t —s < (p3 + 3p? +
2p + 1)g — 4. In particular, for t — s < 2g3 +2q2 +2¢+7 = (2p> +4p+6)q + 7
(= 1591 if p=17), H>*(U(L)) is additively generated by the elements in the table:

1 ho hi go ko koho
(0,0) (1,1) (1,p) (2,p+2) (2,2p+1) (3,2p+2)
ha haho g1 I lo l1hy
(1,p?) 2,r°+1) [2p*+2p)[B,p*+2p+3) [ (B, +3p+ 1) [(4,p" +3p+3)
k1 I3 kihy l1hs mi m1hg
(2,2p° + p)|(3,2p% + p + 2)|(3, 2p° + 2p)|(4, 2p° + 2p + 3)|(4, 2p? + 4p + 2)((5, 2p? + 4p + 3)

Table 3.4

In the table, the pair of integers under each element shows the dimension of it and
the degree of it divided by gq.

In the following, we study homotopy groups . (V(n—1)) based on the fact given
by (3.3):

(3.5) The homotopy group m;—(V (n—1)) is a subquotient of (P (by,;)@H**(U(L)))**.

3.1. The case for (p,n) = (5,3): The set of dimensions of cells of V(2) is
3(2) = {0,1,9,10, 49, 50, 58, 59}

By [16, Th. 4.4], there exists the pairing

(3.6) V(1) AV(2) = V(2).

We notice that this follows from the fact m;_1(V(2)) = 0 for i = s + a with s €
{0,1,9,10} and a € 3(2). So we consider the homotopy groups m;_1(V(2)) for
i = s+ a with s € {49,50, 58,59} and a € 3(2).
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By (3.3) together with Table 3.4, the homotopy groups of degrees < 121 are
subquotients generated by the following elements:

deg 0 7 38 39 45 54 76 s
1 hio| bio | b1 | hiobio 90 by | hiibio
deg 83 86 92 93 114 115 121
hiobio | ko [gobio | koho | b7 | hiabip | hiobip

This together with (3.5) shows that m;_1(V(2)) = 0 for i = s+ a with s €
{0,1,9,10,49,50} and a € 3(2), and 7115(V/(2)) is a subquotient of Z/5{h11b7 ,}.
Thus, by the next lemma, the pairing (3.6) extends to V(2) A V(2) — L3V (2) as
desired.

Lemma 3.7. The homotopy groups m115(L3V (2)), m116(L3V (2)) and m117(L3V (2))
are all trivial.

Proof. In the E(3)-based Adams spectral sequence (1.8), the Fa-term E3™*(V(2))
for the homotopy groups in the lemma are given by

H™20K(3),, H*'°K(3), and H>2°K(3),.

Then, rank H5'K (3), < rank (K(3), ® H*L(3,3)) for the module H*L(3,3) deter-
mined in [9, (3.8) Th.]:

H3L(3,3) = A%Cs & A%,
HYL(3,3) = A3(3 @ A* and
H°L(3,3) = A'Gs & (A%¢)" & (A%)*

for
A? =7/5{gi, ki, b1},
A3 = Z/5{gih1,i+1,61,2’762,2'763,1',64,1’;gs,i} and
At = Z./5{m; ;,m}}.
Here,
01 = hiihaihs, lo; = hiihoih ita,
l3; = hyiihaihaiy1 + hiihyip1hs, Ly = hiihoiqohs it,
U5 =3 (hiih2it1 — hiiv1hoit2)hs
and

m; 5 = hl,ikih&j = gihl,i+1h3,j and
my = hiitohy ihei(hs; + hait1) & hyihooho1ha .
These elements have the degrees (modulo g3 = 248 = |v3|) as follows:
56 | 88 | 40 | 32| 192|200 | 160 | —32 | 8
go | ko [bio| g1 | k1 |bia| g2 | k2 | b1
96 56 | 16 | 48 | =32 O 96 8
gohi1 | €10 | €20 | €30 | Lap | €50 || Moy | Mo
232 32 | 80 | 240 | 88 0 232 | 40
gihig [ b1 [ log | laq1 | laq | U5 || may | m)

] s

168 160 | 152 | —40 | 192 0 168 | 200
92h1,0 51,2 52,2 53,2 54,2 35,2 ma g | My
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The dual degrees of these elements (elements in (A3(3)* | (A%)*) are

152, 192, 232, 200, 32, 0] 152, 240;
16, 216, 168, 8, 160, 0| 16, 208;
80, 88, 96, 40, 56, 0| 80, 48.

Thus, there is no element with degree 120. O

3.2. The case for (p,n) = (7,4): The dimensions of cells in V(3) are:
3(3) = {0,1,13, 14,97, 98,110, 111, 685, 686, 698, 699, 782, 783, 795, 796}

In [16, Th. 4.4], Toda showed the existence of the pairing V(21) A V(3) — V(3),
which follows from the fact

(3.8)  mm_1(V(3)=0 fori=s+a>1withse3(3)(%% and a € 3(3).

Here, 3(3)®) = {s € 3(3) | s < t}.
Let W be a spectrum sitting in the cofiber sequence

(3.9) 5738.g0 Py g0 bw yp w5730 g0

in which 3; € mg2(S?) is the well known generator. Then, W is a ring spectrum by
[8, Cor. 2.6].

We show the existence of the pairing ¢’: V(3)AV(3) — V(3) AW in Proposition
3.21, and B = 0: V(3) — L4V (3) in Lemma 3.23 below. The lemma implies the
decomposition LyV(3) AW = L4V (3) vV X™9L4V(3). Therefore, we obtain the
composite

VE)AVE3) £ V) AW = LiV(3)

for ¢’ in (3.22), which yields the desired ring structure on L,V (3).
We now prove Proposition 3.21 and Lemma 3.23.

Lemma 3.10. The homotopy groups m;—1(V (3) AW) are trivial for i = s+ a with
s,a € 3(3)\ 3(3)686),

Proof. Since we have an exact sequence

T mso(V(3) 25w (V(3) S 1 (V(3) AT
‘*)9 mi—720(V (3)) ? mi—2(V(3)),

(Gw )« ?

(3.11)

we study the homotopy groups m;(V(3)) under (3.5). Table 3.4 gives rise to the
following table of (H*U(L) ® Z/7{b11,ba0})*" with t —s < (2p> +4p+ 6)g + 7 =
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1591:
T 11 83(1) | 106(24) | 178(14) | 189(25) | 586(12) | 587(13)
T 1 ho hl go ko koho b1,1 hz
=i 597(23) | 598(24) | 669(13) | 670(14) | 68L(25) | 692(36) | 753(15) | 754(16)
z bi,1ho haho bi,1h1 ba2,0 b2,0ho b1,190 ba,oh1 g1
=1 764(26) | 775(37) | 776(38) | 739(51) | 848(28) | 849(29) | 859(39) | 872(52)
T b1,1ko b1,1koho b2,090 l1 b2,0ko la b2,0koho lihy
oI 1172(24) | 1173(25) | 1183(35) | L184(36) | 1255(25) |1256(26) | 1257(27) | 1258(28)
x b%,l b1,1h2 b%,lho bi,1h2ho b%,lhl bi,1b2o | b2,0he k1
o1 1267(37) | 1268(38) | 1278(48) | 1281(51) | 1330(27) | 1340(28) | 1340(23) | 1341(29)
x || b1,1b2,0ho | b2,0h2ho b%@go l3 b1,1b2,0h1 b%,o bi1g1 kihi
121 1350(38) | 1351(39) | 1361(49) | 1362(50) | 1375(63) | 1376(64) | 1423(29) | 1424(30)
x b3 1 ko b3.0ho bi 1 koho | bi,1b2,090 b11l1 l1ho b3 0h1 b2,091
121 1434(40) | 1435(41) | 1445(51) | 1446(52) | 1453(64) | 1459(65) | 1518(42) | 1519(43)
x || b2,0b1,1ko bi,1la |b2,0b1,1koho bg,ogo bi,1l1h1 ba,0l1 bg,oko b2,0l2
=11 1529(53) | 1532(56) | 1542(66) | 1543(67)
z || b3 okoho my ba,0l1h1 miho

Table 3.12

Here, in the rows ||z||, the numbers w(u) denote the total degrees of the elements
2 under them:
w=|z]|=t—s, u=w mod8 and 0<u<82,
in which 82 = |b; o]—2 = ||81]|. In order to find a generator (P(by;) @ H**(U(L)))*"
with i = ¢ — s, it suffices to find w(u) in the ||z|| rows in Table 3.12 such that
e i =u mod 82 and
o w <7i.
If we find such w(u), then (P(by;) ® H**(U(L)))>" contains an element of the form
zbi o
for the integer ¢ = ig—;”, where x is the element under w(u) in the table.
Furthermore, we notice the relation
[zl =Nyl +1 if dr(z) =y
of the total degrees in all of the May spectral sequences P(by,;) ® H**(U(L)) =
H*(V(L)) and H*(V(L)) = H*P = E5(V(3)) (cf. [16]), and the Adams-Novikov
spectral sequence E3(V(3)) = m,(V(3)). This implies
(3.13) Consider an element x with total degree w(u) in Table 3.12 and suppose that
x yields a permanent cycle in the Ey-term E3(V(3)). Then, if x does not survive
to the homotopy group m.(V(3)), then it is the image of an element of total degree
w+1(u+1) under some differential of the above spectral sequences. In particular, x
yields an essential homotopy element of m,(V(3)) if there is no element with degree
w+ L(u+1).

For the integers in 3(3) \ 3(3)(%%), we notice the following:
698 | 699 | 782 | 783 | 795 | 796

42 | 43 | 44 | 45 | 57 | B8

(3.14) mod
(82)
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We first consider 74y q_740(V(3)) for s,a € 3(3)\ 3(3)(%%%). Then, the integers
s+ a — 740 are:
656(0), 657(1), 740(2), T741(3), 753(15), T54(16);
658(2), T41(3), T42(4), T54(16), T755(17):
824(4), 825(5), 837(17), 838(18); 826(6), 838(18), 839(19):
850(30), 851(31); 852(32),

and we find elements
(3.15) Y4 (656(0)), hubi, (657(1)), baohy (753(15)) and g1 (754(16))

from Table 3.12.
Next consider similarly ms1,_1(V(3)) for s,a € 3(3) \ 3(3)(%%). Then, the inte-
gers s +a — 1 are:

1395(1), 1396(2), 1479(3), 1480(4), 1492(16), 1493(17);
1397(3), 1480(4), 1481(5), 1493(17), 1494(18);
1563(5), 1564(6), 1576(18), 1577(19);
1565(7), 1577(19), 1578(20); 1589(31), 1590(32); 1591(33).
Thus, we find
(3.16) hibi% (1395(1)) and  g1b) , (1492(16)).

(It is stated in [16, Th. 4.4] that hlbff’(;rg is an obstruction, but it is hlbff’ow as
shown above.)

Let [z] denote the homotopy element detected by z. For example, [b1o] =
1361 € ms2(V(3)). Hereafter, v3 denotes the inclusion

(3.17) Ly =g, = iziairi: SO 5 V(0) L V(1) 2 V(2) 2 V(3)
to the bottom cell. We notice that
(3.18) the elements b?,m b%, hlbio and hlb%’ﬁo detect essential homotopy elements

by (3.13), since hy and by o detect the generators 3] € ms3(V (0)) and 81 € ms2(S?),
respectively. Therefore, 57 ([6% o]) = [b17] # 0 and 7 ([h1b] o]) = [h1bi%] # 0 by
(3.18), and so in (3.11),

(3.19) [63 0], [h1b] o] & Ker 87 and  [h1b{%] € Im 7.

We next consider the elements by ghq, g1 and glb‘f,o in (3.15) and (3.16). Note
that g1 = (h1, h1,hs) € E3*(V(3)). By virtue of (3.13) together with Table 3.12,
dr(g1) € ET2755F7(V(3)) must be of the form b} 4bs oh1, but this is not the case
by degree reason. Therefore, g; is a permanent cycle and g¢; b%o detects an essential
homotopy element by (3.13) with Table 3.12. Furthermore, this also implies that
b%obg’ohl is not a target of the differential by (3.13), if ba gh1 is a permanent cycle.
Thus,

(3.20) [b2,0h1], [g1] & Ker 8] and  [h1b1%] € Im 3.
Now the lemma follows from (3.11), (3.15), (3.16), (3.19) and (3.20). O

Proposition 3.21. V(3) AW is a ring spectrum.
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Proof. We first show the existence of a pairing ¢’: V(3) AV (3) = V(3) AW such
that ¢'(t3 A V(3)) = V(3) Aiw for 3 in (3.17) by attaching cells as Toda did. By
(3.8), we have an extension V(3)697) AV (3) — V(3) of the identity V(3) — V(3).

Thus, we have a composite V(3)7) A V(3) — V(3) V®rw, V(3) AW. Lemma

3.10 certifies the existence of an extension
(3.22) GVEBIAVEB) = VEB)AW

of the composite.
Now the multiplication of V(3) A W is given by

(V@) AW) A (VE) AT LI V@) AVE) AW AW E25 VE) AW AT

WL (3) AW

Here, T' denotes the switching map and py denotes the multiplication of the ring
spectrum W. O

Assuming Corollary 4.11, which is shown independently, we see the following:
Lemma 3.23. $ A LV (3) =0 € [V(3), LaV (3)]6s6-
Proof. Consider the cofiber sequence
£681y(2) B V(2) 2 V(3) L 55551 (2).

Since we have a pairing po3: V(2) AV(3) — V(3) such that i = wa3(V(2) Arz) for
the inclusion ¢3: S® — V(3) in (3.17),

B Nig = B} A (pa3(V(2) A eg)) = @23(V(2) A7) : B2V (2) — V(3).
By Corollary 4.11, 138 = 0, and so { A iz = 0. Consider a commutative diagram

[V(3), L4V (3)]« £ [V(3) A DV(3), L4S°]. “gd [DV(3), LaDV (3)]« = [V(3), L4V (3)]
i3y Vi3 Y D(ia)w Y (Ga)w
[V(2), LaV(3)]« £ [V(2) A DV (3), LaS°]. £ [DV(3), LaDV (2)]. = [V(3), LaV (2)].,

IRYE,

IS8

Ry
[H

in which ad denotes the adjunction. This together with the relation 8f A iz = 0
gives rise to B} A j3 = 0.

Therefore, we have elements &, € [V(2), L4V (3)]1013 and & € [V(2), L4V (3)]30s
such that

BEALV(3) =&z and = izé]

. YOSV (3)
& f
P vﬁl/\l .
38,V (2) —2> 338,V (3) —2> BB L, V(2)
pinty Lo
LvE)

Thus,
BEAV(3) = Eajsiséy =0
as desired. O
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4. PROOF OF THEOREM 1.25

Put
s,t t
H*M = ExtsE(n) (E(n))( (n)y, M)

for an E(n).(E(n))-comodule M. Then, we have the Miller-Ravenel change of rings

theorem
Exthp, (pp)(BPs, v, BP. /1) = H*(E(n)./I,) = H*(K(n).)

*r ¥n

for the invariant ideal I, = (p,v1,...,vn—1) (¢f. [4, Th. 3.1]). Here, K(n). =
E(n)«/I, = Z/plvn, v, t]. Ravenel mtroduced in [9, §1] the exterior complex

C(n)=E(h;;: 1<i<n, je€Z/n)
with differential given by

i—1
(4.1) d(hi ;) = Z b jhi—g,04;-
=1

Here, the bidegree of the generator h; ; is (1,p/q;) € Z x (Z/gy) for ¢; in (3.2).
From the results in [9, §1], we deduce the following:
Lemma 4.2. Let J be an invariant ideal (p,v$,...,v."7") of E(n).. Then,
rank H*'E(n),/J < rank (E(n)./J @ H*(C(n),d))>"
as Z./p-modules. In particular, rank H'K (n), < rank (K (n), ® H*(C(n),d))"".

Let M** denote a basis of the Z/p-vector space C(n) consisting of monomials.
In the following, we use the word “monomial” for an element of M™**. Note that
M™* consists of only one element of degree 0. We denote the element of M n*,0
by g. For x € M** we define z* € M s> by

(4.3) xx* = *+g,

and obtain an isomorphism

(4.4) C(n)a+1ta % C(n)"—a-1—ta

given by (—)*(x) = o* for x € M1t

Proposition 4.5. Suppose n < p—1andlet J, = I,_1+(*_,). Then, H"27QE(n)*/Jk —
()foreach1<k<Z:z 2p

Proof. Since |g| = 0 = |v,|, we will find a positive integer a such that [v2_;| = q.
This gives an equation

a(p”t—1)=p—1+b(p"—-1)€Z

for an integer b. It follows that a = bp+(b+1)/ (Z? 02 p’) andso b+1=u) 02 p
for some u > 1. Therefore,

n—1
a=uy p'—p
=0

for u > 1. Thus, if &k < >\ 01 p’ — p, there is no generator in H"z*qE(n)*/Jk by
Lemma 4.2. ([
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Remark. More careful computation using [7, (5.18)] makes & in the proposition
greater.

We note that
(4.6) EITY YV (n—1)) = H* Y E(n), /I, = HTYIK (n),.

Corollary 4.7. For (p,n) = (5,3), H*3E(3)./Jx = 0 for k < 25. In particular,
Theorem 1.25 holds for (p,n) = (5,3).

Now turn to the case (p,n) = (7,4).

Lemma 4.8. Let (p,n) = (7,4).
1) C(4)>~12 is generated by the elements
hg,thasha; for0<i<j<3,
hiihoohas and hisheiha; for0<i<3,
hiahi2hi3, hiihsihsa, highsihss, hishsohsi,
haoho2hs 1, haihoohss and hoihszhs ;.

2) C(4)%336 = 0.
Proof. Consider the subalgebra
(4.9) C(4)=E(h;;:1<i<3, jeZ/4)

of C(4). The degree |z| € Z/qs = 7/4800 of a monomial = € C(4) is expressed as

3

2| =12x > Tas; with0<a; <6,
i=0

which we write

|z| = (a1a2a3a4).
We further assume that the integers a; satisfy (ajazasas) < (1111) under the
lexicographic order. We also use a similar notation

3

(arazazaq)y = 12 ¥ Z Tlay_; for a; > 0.
i=0
Note that
|z] = ((a1 + k)(a2 + k)(az + k)(as + k))y  mod 4800 for an integer k > 0.
For a monomial z € C(4), we also introduce notations
[x] =a1+as+as+as and (x); =aq—;
if |x| = (a1az2a3a4)N.

For the algebraic generators h; ; of C(4), we have

a)  hi1 (0010), heo (0011), ko (0110), hgo (0111), hsq (1110),
h3)3 (1011);

b)  hi,o (0001), Ry 2 (0100), hy 3 (1000), ha o (1100), he 3 (1001),
hso (1101).

The generators h; ; in a) and b) satisfy (h; ;)1 =1 and (h; ;)1 = 0, respectively.

(4.10)
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1) We will find monomials x € C(4)%~12 with s < 3. Then
|z| = (kkk(k — 1))y for an integer k > 1.
If k =1, that is, (1110)y, then from (4.10), we find
hsp (s=1), hothis, hithos (s=2), and hiihishys (s =3).
Turn to the case k = 2 (|z| = (2221)y and [z] = 7). If hy; is a factor, say
x = hy;y, then [y] =6, and so y = hs jhs j:
hishaohs1, highsihss, hii1hsihso.
If hy; is a factor, say x = hg;y, then [y] = 5, and so ho jhg j/:
haohs1ha2, hoihsshoa, hoshsshai, hoghsihaq.
For k > 3, then [z] = 4k — 1 > 11, while [h; jhy jhi j»] < 9. Therefore, no

element satisfies this.
Now the first statement of the lemma follows from the relation

CA)» 2 =C4* o @PhaiC4)> "o @ haiha;C4) 12
i ij
2) We will find monomials z € C(4)%33 with 4 < s < 8. In this case, it may
have a carry-over: |z| = (0037),.... Since there are at most six algebraic
generators h; ; of C(4) with (h; ;) = 1 for each k, none of the carry-over
case occurs. Thus, we consider an element = € C(4) with

|z| = (kk(k 4+ 4)k)y  mod 4800 for an integer 0 < k < 2.

This implies that = has a factor of the form h;, j, Ri, jo Pis, js Pia ja
in (4.10) a). Therefore, [x] > 8, and so k > 1. Therefore, k = 1, 2.
If k= 1, then [x] = 8, and [h171h270h271h37i} = 8. Then,
|ha,1ha0h21hs | =(0242)n (i = 0), (1241)w (i = 1),
(1232)y (i = 2), (1142)y (i = 3).
Thus, these yield no solution.

If k = 2, then [z] = 12 and (z); = 6. Since (z); = 6, = has all elements
in (4.10) a) as a factor. Let h be the product of the six elements in (4.10)
a). Then, [h] = 14. This contradicts to [z] > [h].

Thus, we have the second from

0(4)8,336 :6(4)8,336 ® @ h47i€(4)7’336 @ @ h47ih47j€(4)6’336
i i,
& @ haiha jha xC(4)%3% @ hy ohg h4,2h4,36(4)4’336-
0,9,k (Il

for hil,jl

From Lemma 4.8 2), we deduce

Corollary 4.11. m328(L4V (3)) = 0, and in particular, 138f = 0 € m328(L4V (3))
for the inclusion v3 in (3.17).

Proof. By the spectral sequences,
rank ma8(L4V (3)) < rank ES?9(V(3)) < rank (K (4), ® H*(C(4),d))%3%.

Furthermore, the right hand side is also not greater than rank (K (4), ®@ C(4))%336,
which is 0 by Lemma 4.8. Therefore, we obtain m328(L4V(3)) = 0. O
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Proof of Theorem 1.25 for (p,n) = (7,4). By Lemma 4.8 together with (4.4),
C(4)'312 is generated by the set My U My U M3(C M**) of monomials given by

My ={g(i,j) = (h3,1haha ;)" [0 <i < j <3},
My = {g1(i) = (h1,1ha2ha )", g2(i) = (h13h2,1ha)" [0 <i <3} and
M3z = {g1 = (h11h12h13)", g2 = (h1,1h31h32)", g3 = (h12h3,1h33)",
g1 = (hishsohs1)*, g5 = (h2oha2hs1)", g6 = (he,1hoohs3)”
g7 = (ha,1hashs )"}

On the differential d, we notice that
d(z*) = y* for monomials = and y if and only if d(y) =x+....
Here, = denotes equality up to sign. In particular, d((h; jhi;)*) = 0if i +k > 5.
Under these facts with (4.1), we obtain
ahaiha ;)" = g(i, j),

haahai)™  (d(g1(d) = (hs.1hai)"),

hisho1ha;)* + (hi1hoohas)" = g1(3) + g2(3),

ha1h1,3)" 4 (hi1he2)™  (d(g1) = (hehis)” + (hi1he2)"),

(h2,3h21hs1)" + + (h1,3hs ohs1)" + (h1,3h2,1h4,0)* + (h1,3h2,1h4,1)*
= g7 + 94 +92(0) + g2(1),

d((h1,0h1,1h2,2h31)") = (he,oh2,2h31)" + (hs2h1,1h31)" + (h1,1h2,2ha0)" + (h1,1h2,2ha1)"
=95+ 92+ 91(0) + g1 (1),

d((h1,1h1,2h22hs3)") = (h2,1ha2hs,3)" + (hs,ihi,2hs,3)” + (hi,1h2,2ha2)” + (h1,1h2,2ha3)"
= g6 + 93+ 91(2) + 91(3),

d((h1,1h2,1ha2h23)") = (ha,1ha3hs )™ + (ha,1he2hss)” + (hi,1h22ha1)” + (h1,1h22ha3)”
=gr+96s+91(1) +9:(3),

d((h1,3h2,0h2,1h22)") = (ha,1ha2h33)" + (ha,oh2,2kh31)" + (hi,3h2,1hao)” + (h1,3ha,1ha2)"
= g6+ g5+ 92(0) + g2(2) and

d((h1,1h1,2h2,3h31)") = (h1,1hs,1hs2)" + (ha,1he,3h31)" + (hi,2h3,3hs1)"
= g2 + g7 + gs.

d((h1,1h22haiha;)") =

d((hi,1ho,2ha;)") =
d((h1,1h1,2h1,3has)") =
)7) =
)7) =

(h3
(
(
d((h1,1h1,2h1,3)" (
d((h1,0h1,3h2,1h31)"

These give rise to an exact sequence
05ALCcA®24L B0
for the submodules A C C(4)**'? and B C C(4)'*'? given by
A =Z/7{(h1,1h22hsiha;)", (h11h1 201 3ha k)™, (h1,0h1,3h2,1hs )",
(hi,0h1,1h2,2h31)", (h1,1h1,2ho2h33)", (h1,1ha,1he2ha3)",

(h1,1h1,2h2,3h3,1)", (h1,3h2,0h2,1h22)" | 0<i<j<3,0<k<3} and
B =7Z/7{(hs,1ha;)", (h2,1h1,3)" + (h1,1h22)" | 0 <7 < 3}
Indeed, the images of the generators of A under d are linearly independent, and rank A =

16, rank B = 5 and rank C'(4)'*'? = 21. This implies H'*'2C(4) = 0 and then the
theorem by Lemma 4.2 with (4.6). O
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