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Abstract. In this paper, we determine the first cohomology of the monochro-

matic comodule M1
2 at an odd prime, and apply the results to show non-

trivialities of some products of beta and gamma elements in the homotopy

groups of the Smith-Toda spectrum V (1). The cohomology for a prime greater

than three was determined by the first author [10]. Here, we verify them and
determine the cohomology at the prime 3 by elementary calculation. The

cohomology will be a stepping stone for computing the cohomology of the

monochromatic comodule M3
0 , which we hope to determine for a long time.

1. Introduction

Let p be an odd prime number, and S(p) denote the stable homotopy category
of p-local spectra. Let S ∈ S(p) denote the sphere spectrum. Then, the mod
p Moore spectrum M and the first Smith-Toda spectrum V (1) are given by the
cofiber sequences

(1.1) S
p−→ S

i−→ M
j−→ ΣS and ΣqM

α−→ M
i1−→ V (1)

j1−→ Σq+1M.

Here, p ∈ π0(S) ∼= Z(p), and α ∈ [M,M ]q denotes the Adams map. Hereafter, we
put

q = 2p− 2 ∈ Z.
In order to study the homotopy groups π∗(X) of a spectrum X, we adopt the
Adams-Novikov spectral sequence

(1.2) Es,t
2 (X) = Hs,tBP∗(X) =⇒ πt−s(X).

Hereafter, we abbreviate as

Hs,tM = Exts,tBP∗(BP )(BP∗,M)

for a BP∗(BP )-comodule M over the Hopf algebroid

(1.3) (BP∗, BP∗(BP )) = (Z(p)[v1, v2, . . . ], BP∗[t1, t2, . . . ])

based on the Brown-Peterson spectrum BP ∈ S(p). We note that vi’s are Hazewinkel’s

generators and the degrees of vi and ti are |vi| = 2pi − 2 = |ti| (cf. [2, (1.1)]).
Let

(1.4) In = (p, v1, . . . , vn−1) and Jj = (p, v1, v
j
2)
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(v0 = p) denote the invariant ideals of BP∗. Since BP∗(α) = v1, the cofiber
sequences (1.1) induce the short exact sequences

(1.5)
0 → BP∗

p−→ BP∗
i∗−→ BP∗/I1 → 0 and

0 → BP∗/I1
v1−→ BP∗/I1

(i1)∗−−−→ BP∗/I2 → 0

along with the isomorphisms

BP∗(S) = BP∗, BP∗(M) = BP∗/I1, and BP∗(V (1)) = BP∗/I2.

Furthermore, we have a short exact sequence

(1.6) 0 → BP∗/I2
vj
2−→ BP∗/I2

ij−→ BP∗/Jj → 0

for j ≥ 1. We denote by δ0 : H
sBP∗/I1 → Hs+1BP∗, δ1 : H

sBP∗/I2 → Hs+1BP∗/I1
and δj : H

sBP∗/Jj → Hs+1BP∗/I2, the connecting homomorphisms associated to
the short exact sequences (1.5) and (1.6). We define the Greek letter elements by:

β
′
s = δ1(v

s
2) ∈ E1

2(M) = H1BP∗/I1 for vs2 ∈ H0BP∗/I2,

βs = δ0δ1(v
s
2) ∈ E2

2(S) = H2BP∗ for vs2 ∈ H0BP∗/I2, and

γ′′
s/j = δj(v

s
3) ∈ E1

2(V (1)) = H1BP∗/I2 for vs3 ∈ H0BP∗/Jj ,

and γ′′
s = γ′′

s/1 ∈ E1
2(V (1)). We notice that 1 ≤ j ≤ pn if pn|s, so that vs3 ∈

H0BP∗/Jj .
Let Z and N denote the set of all integers and its subset consisting of all non-

negative integers, respectively. We denote by Z(p)(= Z \ pZ) and N(p)(= N \ pN)
the set of the integers prime to p, and decompose Z(p) into the three summands:

(1.7)
Z(p) = Z0

∐
Z1

∐
Z2, for

Z0 = {s ∈ Z(p) | p ∤ (s+ 1)}, Z1 = {s ∈ Z(p) | p2|(s+ 1)}, and
Z2 = {s ∈ Z(p) | p|(s+ 1) and p2 ∤ (s+ 1)}.

We consider subsets of N:
2N>0 = {s ∈ N | s is even ≥ 2}, 2N = {s ∈ N | s is odd},

N1 = {s ∈ N(p) | p2 ∤ (s+ p+ 1), or p3 | (s+ p+ 1)}, and
N2 = {s ∈ N(p) | p ∤ (s+ 2), or p3 | (s+ 2)(s+ 2 + p)}.

Furthermore, we put Z+
i = Zi ∩ N for i = 0, 1, 2. We introduce the subsets U , U1

and U2 of N(p) × N given by

U1 = (N(p) × 2N) ∪ (Z+
0 × N),

U ′
1 = (N(3) × {0}) ∪ (N1 × 2N>0) ∪ ((Z+

0 ∩ N2)× N) ∪ (Z+
0 × {1}),

U2 = (N1 × 2N) ∪ (((Z+
0 ∩ N2) ∪ Z+

1 )× N) ∪ (N(p) × {1}) and
U ′
2 = (N1 × {0}) ∪ (N(3) × ({1} ∪ 2N>0)) ∪ ((Z+

0 ∪ Z+
1 )× N).

Our main result is the following:

Theorem 1.8. Let p be an odd prime. In the Adams-Novikov E2-term for com-
puting π∗(V (1)), β1 and β2 act on the gamma elements γ′′

spr/j ((s, r) ∈ N(p) × N
and 1 ≤ j ≤ pr) by:

γ′′
spr/jβ1 ̸= 0 for (s, r) ∈ U1 if p ≥ 5, and for (s, r) ∈ U ′

1 if p = 3,

γ′′
spr/jβ2 ̸= 0 for (s, r) ∈ U2 if p ≥ 5, and for (s, r) ∈ U ′

2 if p = 3,

in E3
2(V (1)).
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We notice that there is a way to define γ′′
spr/j for j ≤ ar (ar in (2.7)) so that

vj−1
2 γ′′

spr/j = γ′′
spr , and the theorem holds for such extended gamma elements. We

also notice that βs ≡
(
s
2

)
vs−2
2 β2 + s(2− s)vs−1

2 β1 mod I2 (cf. [5, Lemma 4.4]), and
so

γ′′
spr/jβt =

(
t

2

)
γ′′
spr/j−t+2β2 + t(2− t)γ′′

spr/j−t+1β1.

Thus, Theorem 1.8 implies non-triviality of the products of γ′′
spr/j and βt.

The Adams-Novikov differential dr = 0 if q ∤ (r − 1) by the sparseness of the
spectral sequence (1.2). This shows that the products in the theorem are not in the
image of any differentials dr. It is well known that the elements β1 and β2 converge
to the homotopy elements β1 and β2 ∈ π∗(S), respectively, in the spectral sequence
(1.2) for X = S.

Corollary 1.9. Let p be an odd prime. If γ′′
spr/j ∈ E1

2(V (1)) is a permanent cycle

detecting γ′′
spr/j ∈ π∗(V (1)), then, γ′′

spr/jβi ̸= 0 (i = 1, 2) in the homotopy groups

π∗(V (1)) for (s, r) given in Theorem 1.8.

Toda [12, Th. 1] and Oka [4, Th. 4.2] showed that γ′′
s and γ′′

sp/2 are permanent

cycles for p ≥ 7.

Corollary 1.10. Let p ≥ 7 and r and s be integers with (s, r) ∈ N(p) × N. Then,
in π∗(V (1)),

γ′′
spr/jβ1 ̸= 0 if r is even or p ∤ (s+ 1),

γ′′
sp2r/jβ2 ̸= 0 if p2 ∤ (s+ p+ 1) or p3|(s+ p+ 1),

γ′′
sp2r+1/jβ2 ̸= 0 for r ≥ 1 if p ∤ (s+ 1)(s+ 2), p2|(s+ 1) or p3|(s+ 2)(s+ 2 + p).

and γ′′
sp/jβ2 ̸= 0, where j = 1, 2.

Theorem 1.8 follows from Theorem 2.9, which states the structure of the first
cohomology of the monochromatic comodule M1

2 . The cohomology H1M1
2 was

determined by the first author [10] based on the computation in [9] at a prime ≥ 5.
In this paper, we determine the cohomology based on elementary calculation at an
odd prime. The generators are explicitly given so that we can use the result easily
in further computation. This result will be a stepping stone for determining the
long desired cohomology H∗M3

0 .
This paper is organized as follows: In the next section, we state the main result,

Theorem 2.9, which gives the structure of H1M1
2 . In section three, we prove Theo-

rems 2.9 and 1.8 assuming Lemma 3.4, whose proof will be given in the last section.
Section four is devoted to introducing some formulas, cochains and relations for the
following sections. We refine the elements x3,i given in [2, (5.11)] to define xi, which
induce the cochains ys,i and y′s,i ∈ Ω1E(3)∗ in section five.

The authors would like to express their gratitude to the referee for his careful
reading of the manuscript and useful suggestions.

2. The structure of H1M1
2

In this section, we state the structure of H1M1
2 for an odd prime p obtained in

this paper. The structure was given in [10], which was done for the prime p ≥ 5.
We begin with defining the monochromatic BP∗(BP )-comodules Ns

n and Ms
n

inductively by
N0

n = BP∗/In, Ms
n = v−1

s+nN
s
n
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for the ideal In in (1.4) and the short exact sequence

(2.1) 0 → Ns
n

ιsn−→ Ms
n

κs
n−−→ Ns+1

n → 0

([2, §3. A.]). Since BP∗ is a BP∗(BP )-comodule with structure map ηR, the right
unit map of the Hopf algebroid BP∗(BP ), these monochromatic comodules have
the structure maps induced from ηR.

Let E(3) denote the third Johnson-Wilson spectrum, which yields a Hopf alge-
broid

(E(3)∗, E(3)∗(E(3))) = (Z(p)[v1, v2, v3, v
−1
3 ], E(3)∗ ⊗BP∗ BP∗(BP )⊗BP∗ E(3)∗).

Its structure maps are induced from the Hopf algebroid (BP∗, BP∗(BP )) in (1.3).
Since we have the Miller-Ravenel change of rings theorem

H∗M = Ext∗BP∗(BP )(BP∗,M) ∼= Ext∗E(3)∗(E(3))(E(3)∗, E(3)∗ ⊗BP∗ M)

for a v3-local BP∗(BP )-comodule M ([1, Th. 3.10]), we denote the cohomology of
an E(3)∗(E(3))-comodule M also by

HsM = ExtsE(3)∗(E(3))(E(3)∗,M).

By virtue of the change of rings theorem, we denote simply by Ms
n the E(3)∗(E(3))-

comodule E(3)∗ ⊗BP∗ Ms
n. In this paper, we consider the Ext group as the coho-

mology group of the cobar complex

(2.2) ΩsM = M ⊗E(3)∗ E(3)∗(E(3))⊗E(3)∗ · · · ⊗E(3)∗ E(3)∗(E(3))

(s factors of E(3)∗(E(3))) with well known differentials dr : Ω
rM → Ωr+1M (see

(4.1)).
The cohomology HtMs

n of the monochromatic comodules with s + n = 3 are
determined in the following cases (cf. [8, 6.3.12. Th., 6.3.14. Th.], [2, Th. 5.10]) :

(2.3)

H0M0
3 = K(3)∗,

H1M0
3 = K(3)∗{h0, h1, h2, ζ3},

H2M0
3 = K(3)∗{gi, ki, bi, hiζ3 | i ∈ Z/3} and

H0M1
2 = K(2)∗/k(2)∗ ⊕

⊕
i≥0,s∈Z(p)

k(2)∗/(v
ai
2 ){xs

i/v
ai
2 }.

Indeed, we read off HsM0
3 = K(3)∗ ⊗HsS(3) from [8, 6.2.1. Prop.], where S(3) is

the Hopf algebra defined in [8, §6.2]. The cohomology groups H∗M0
3 and H0M2

1 for
p ≥ 5 are also determined by Ravenel [8, 6.3.34. Th.] and Nakai [3], respectively.
Here,

k(2)∗ = Z/p[v2], K(2)∗ = Z/p[v2, v−1
2 ] and K(3) = Z/p[v3, v−1

3 ].

(K(3)∗ = E(3)∗/I3 = M0
3 ). The elements xi(= x3,i) are introduced in [2, (5.11)]

such that xi ≡ vp
i

3 mod I3 (see Lemma 5.1), and the generators hi, ζ3, gi, ki and
bi are defined by cocycles in the cobar complex Ω∗E(3)∗/I3 as follows:

(2.4) hi =
[
tp

i

1

]
, ζ3 = [Z] , gi = [Gi] , ki = [Ki] and bi = [b1,i] .

Hereafter, [x] denotes the cohomology class represented by a cocycle x, and the
representatives in (2.4) are defined by



ON PRODUCTS OF BETA AND GAMMA ELEMENTS 5

(2.5)

Z = −v−1
3 ct3 + v−p

3 tp3 + v−p2

3 tp
2

3 − v−p
3 tp1t

p2

2 ,

Gi = tp
i

1 ⊗ tp
i

2 +
1

2
t2p

i

1 ⊗ tp
i+1

1 ,

Ki = tp
i

2 ⊗ tp
i+1

1 +
1

2
tp

i

1 ⊗ t2p
i+1

1 and

b1,i =

p−1∑
k=1

1

p

(
p

k

)
tkp

i

1 ⊗ t
(p−k)pi

1 .

Here, ct3 is the Hopf conjugation of t3 (see Lemma 4.3). We notice that Gi, Ki

and b1,i are also cocycles of Ω∗E(3)∗/I2, and of Ω∗BP∗/I2 in [2, (1.9)].

Remark 2.6. The generators gi and ki in (2.3) are given by the Massey products
⟨hi, hi+1, hi⟩ and ⟨hi+1, hi+1, hi⟩, respectively, in [8, 6.3.4. Th.]. These are repre-

sented by cocycles G′′
i = tp

i

2 ⊗tp
i+1

1 +tp
i

1 ⊗ctp
i

2 and K ′
i in (4.20) in the cobar complex

Ω∗E(3)∗/I2, since these Massey products have no indeterminacy. By (4.21), K ′
i is

homologous to Ki. We also see that d1(t
pi

1 tp
i

2 ) = −2Gi−G′′
i , and G′′

i is homologous
to −2Gi. Since p is odd, we may replace generators gi and ki by [Gi] and [Ki], and
set as (2.4).

We introduce integers e(n), an, js,n and j′s,n for integers n (≥ 0) and s by

(2.7)

e(n) = pn−1
p−1 for n ≥ 0,

an =


1 for n = 0,

pn + pn−1−1
p+1 for odd n ≥ 1,

pn + ppn−2−1
p+1 for even n ≥ 2,

(2.7.1) js,n =



2 for s ∈ Z0 and n = 0,

2p2 − p+ 1 for s ∈ Z0 and n = 2,

2an + 1 for s ∈ Z0, even n ≥ 4,

an+2 − an+1 for s ∈ Z1 and even n ≥ 0,

p+ 1 for s ∈ Z(p) and n = 1,

e(3)pn−2 − p+ 1 for s ∈ Z(p) and odd n ≥ 3,

(2.7.2) j′s,0 =



2 for p ∤ s(s− 1),

2p for s = tp+ 1 and p ∤ t(t− 1),

p2 + 1 for s = tp2 + 1 and p ∤ t,
an + p for s = tpn + 1 with n ≥ 2 and p ∤ t,
an + 1 for s = tpn + e(n) with even n ≥ 2 and p ∤ (t− 1),

an + 2 for s = tpn + e(n) with odd n > 2 and p ∤ (t− 1),

(2.7.3) j′s,n =



2p for s ∈ Z0 and n = 1,

2pan−1 + p for s ∈ Z0 and odd n ≥ 3,

pan+1 − pan for s ∈ Z1 and odd n ≥ 1,

p2 + p for s ∈ Z(p) and n = 2,

e(3)pn−2 − 1 + 1 for s ∈ Z(p) and even n ≥ 4.

Here, 1 = 0 if p ≥ 5 and = 1 if p = 3, Zi’s are the subsets of the integers Z defined
in (1.7), and the integers an are a3,n in [2, (5.13)]. We note that

(2.8) an + an−1 = e(3)pn−2 − 1 (n ≥ 2) and pn + an−2 − pn−3 = an (n ≥ 3).
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Theorem 2.9. Let p be an odd prime. H1M1
2 is the direct sum of k(2)∗-module

B∞ = K(2)∗/k(2)∗{h0, h1, ζ̃2, ζ3} and k(2)∗-cyclic modules generated by

(ζ3)spn/an
for (s, n) ∈ Z(p) × N,

(h0)spn/js,n for (s, n) ∈ ((Z0 ∪ Z1)× 2N) ∪
(
Z(p) × 2N

)
,

(h1)spn/j′s,n
for (s, n) ∈

(
(Z0 ∪ Z1)× 2N

)
∪
((
Z(p) × 2N

)
\ {(1, 0)}

)
, and

(h2)tp−1/p−1 for t ∈ Z.

We note that there is a little difference between the cases for p ≥ 5 and p = 3. In

the theorem, ζ̃2(= (h1)1) denotes the homology class of z in (4.18) (see also (3.8)),
the generators (ξ)s/j for ξ = [X] in H1M0

3 denote

(ξ)s/j =
[
vs3X/vj2 + · · ·

]
for a cocycle vs3X/vj2 + · · · of the cobar complex Ω1M1

2 with an element · · · killed

by vj−1
2 . The element v2 acts on (ξ)s/j by

(2.10) v2(ξ)s/j = (ξ)s/j−1 and v2(ξ)s/1 = 0,

and so, (ξ)s/j generates a cyclic k(2)∗-module isomorphic to k(2)∗/(v
j
2):

k(2)∗{(ξ)s/j} ∼= k(2)∗/(v
j
2).

3. Proofs of Theorems 2.9 and 1.8

In this section, we assume Lemma 3.4, which will be verified by a routine calcu-
lation in section six, and prove Theorems 2.9 and 1.8.

3.1. Proof of Theorem 2.9. For the monochromatic comodules defined in section
two, we have a short exact sequence

(3.1) 0 → M0
3

η−→ M1
2

v2−→ M1
2 → 0,

where η(x) = x/v2 (cf. [2, (3.10)]), which induces the long exact sequence

(3.2) · · · → H0M1
2

δ0−→ H1M0
3

η∗−→ H1M1
2

v2−→ H1M1
2

δ1−→ H2M0
3 → · · · .

From [2, (5.18)], we read off the following:

Proposition 3.3. The cokernel of δ0 : H
0M1

2 → H1M0
3 is a Z/p-module generated

by (h0)0, (h1)0,

(h0)sp2k s ∈ Z0 ∪ Z1, (h0)tp2k+1 t ∈ Z(p),
(h1)tp2k t ∈ Z(p), (h1)sp2k+1 s ∈ Z0 ∪ Z1,
(h2)tp−1 t ∈ Z, and (ζ3)t t ∈ Z

for k ≥ 0. Here, Zi is a subset of Z given in (1.7), and (ξ)s = vs3ξ for ξ ∈ {hi, ζ3 |
i ∈ Z/3}.

Let (x)s ∈ Ω1E(3)∗ denote a cochain satisfying

(x)s ≡ vs3x mod I3.

Lemma 3.4. There exist following cochains in Ω1E(3)∗/I2:
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1) (t1)sp2k and (tp1)sp2k+1 for s ∈ Z0 such that

d1((t1)sp2k) ≡


s(s+ 1)v22v

s−1−p
3 G2 k = 0,

s(s+ 1)v2p
2−p+1

2 vsp
2−2p

3 G1 k = 1,

−3s(s+ 1)v2a2k
2 v

(sp−2)p2k−1

3 K0 k ≥ 2, p ≥ 5,

−2s(s+ 1)v2a2k+1
2 v

32k−1(3s−2)
3 (b1,0 + tp1 ⊗ Z ′) k ≥ 2, p = 3; and

d1((t
p
1)sp2k+1) ≡

{
s(s+ 1)v2p2 vsp−2

3 G0 k = 0,

s(s+ 1)v2pa2k+p
2 v

(sp−2)p2k

3 b1,1 k ≥ 1.

2) (t1)sp2k and (tp1)sp2k+1 for s = tp2 − 1 ∈ Z1 such that

d1((t1)sp2k) ≡ v
a2k+2−a2k+1

2 v
(tp−1)p2k+1

3 b1,0 and

d1((t
p
1)sp2k+1) ≡ v

pa2k+2−pa2k+1

2 v
(tp−1)p2k+2

3 b1,1 for k ≥ 0.

3) (t1)sp2k+1 and (tp1)sp2k for s ∈ Z(p) such that

d1((t
p
1)tpk+1) ≡


t(t− 1)v2p2 vtp−1

3 G0 k = 1,

−tvp
2+1

2 v
(tp−1)p
3 G1 k = 2,

−2tvak+p
2 v

(tp−1)pk−1

3 G0 odd k ≥ 3,

2tvak+p
2 v

(tp−1)pk−1

3 K0 even k ≥ 4;

d1((t
p
1)tpk+e(k)) ≡

{
−(t− 1)vak+1

2 v
tpk+pe(k−2)
3 G1 even k ≥ 2,

−(t− 1)vak+2
2 v

tpk+pe(k−2)
3 b1,1 odd k ≥ 3;

d1((t
p
1)sp2k) ≡


s(s− 1)v22v

s−2
3 K1 k = 0,

−svp
2+p

2 vsp
2−p−1

3 K0 k = 1,

−3sv
e(3)p2k−2−1
2 v

(sp2−p−1)p2k−2

3 K0 p ≥ 5, k ≥ 2,

−sv
32k−2e(3)
2 v

(9s−4)32k−2

3 (b1,0 + Z ′ ⊗ tp1) p = 3, k ≥ 2; and

d1((t1)sp2k+1) ≡

{
−svp+1

2 v
(s−2)p
3 K2 k = 0,

sv
e(3)p2k−1−p+1
2 v

(sp2−p−1)p2k−1

3 b1,1 k ≥ 1.

4) (tp
2

1 )tp−1 such that d1((t
p2

1 )tp−1) ≡ vp−1
2 vtp−p

3 b1,2.

Here, Gi, Ki and b1,i are the cocycles of Ω2E(3)∗/I2 in (2.5), Z ′ is an element in
Lemma 5.1, and x ≡ va2y denotes the congruence modulo Ja+1.

Let d1((x)t) ≡ vj2y mod Jj+1 be a congrucence in Lemma 3.4. Then, δ1(([x])t/j) =

[y] for the connecting homomorphism δ1 in (3.2). Here, ([x])t/j(=
[
(x)t/v

j
2

]
) ∈

H1M1
2 denotes the cohomology class of the cocycle (x)t/v

j
2 of Ω1M1

2 . Thus, the
cochains in Lemma 3.4 give rise to elements (h0)spr/js,r and (h1)spr/j′s,r

of H1M1
2

as well as the δ1-images of them. Furthermore, we have elements

(ζ3)tpn/an
= xt

nζ3/v
an
2 ∈ H1M1

2

for the elements xn(= x3,n) introduced in [2, (5.11)] (see Lemma 5.1) with

(3.5) δ1((ζ3)tpn/an
) =


(h2ζ3)t−1 n = 0

(h0ζ3)(tp−1)pn−1 n is odd,

(h1ζ3)(tp−1)pn−1 n is even ≥ 2
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by [2, (5.18)] (or Lemma 5.1). We notice that as a k(2)∗-module, K(2)∗/k(2)∗{ξ} =
Z/p{(ξ)0/j | j ≥ 1} with v2(ξ)0/j = (ξ)0/j−1 and v2(ξ)0/1 = 0 (see (2.10)).

Let B be the k(2)∗-module of the theorem. Each direct summand of B is a
submodule of H1M1

2 , which defines a k(2)∗-module map f : B → H1M1
2 . Further-

more, assigning (ξ)s/1 ∈ B to the generator (ξ)s of the cokernel of δ0, we have a

homomorphism η∗ : H
1M0

3 → B by Proposition 3.3. These homomorphisms fit in
the commutative diagram

H0M1
2

δ0 // H1M0
3

η∗ // B
v2 //

f��

B
δ′1 //

f��

H2M0
3

H0M1
2

δ0 // H1M0
3

η∗ // H1M1
2

v2 // H1M1
2

δ1 // H2M0
3 ,

where we define δ′1 by δ1f . It suffices to show that the upper sequence is exact by

[2, Remark 3.11]. By the definition of B, the subsequence H0M1
2

δ0−→ H1M0
3

η∗−→

B
v2−→ B is exact and the composite B

v2−→ B
δ′1−→ H2M0

3 is zero.
Suppose that the δ′1-images of the generators are linearly independent, and take

ξ ∈ Ker δ′1 to be a homogeneous element. Then,

ξ =
∑

k ckξk for generators ξk of B and scalars ck ∈ k(2)∗, and
0 = δ′1(ξ) =

∑
k ckδ

′
1(ξk)

for the image ck of ck under the projection k(2)∗ → Z/p sending v2 to zero. Since
δ′1(ξk)’s are linearly independent, we see ck = 0, and so we have c′k ∈ k(2)∗ such
that ck = v2c

′
k. Therefore,

ξ =
∑

k v2c
′
kξk ∈ Im v2,

and we see the upper sequence of the above diagram is exact if the δ′1-images of the
generators are linearly independent.

The δ′1-image is a Z/p-submodule of H2M0
3 in (2.3) generated by the generators

of the form (ρ)s for ρ ∈ {gi, ki, bi, hiζ3 | i ∈ Z/3} by Lemma 3.4 and (3.5). Moreover,
Lemma 3.4 and (3.5) show that the δ′1-image of each generator ξk has the only one
summand of form (ρ)s:

(h0ζ3)(tp−1)p2n , (h1ζ3)(tp−1)p2n−1 , (h2ζ3)t−1, (g2)s−1−p,
(k1)s−2, (k2)(s−2)p, (b0)(tp−1)p2n+1 (p ≥ 5), (b2)tp−p,

except for

g0 (g0)sp−2 (g0)(tp−1)p2n

g1 (g1)(sp−2)p (g1)(tp−1)p (g1)tp2n+pe(2n−2)

k0 (k0)(sp−2)p2n−1 (k0)(tp−1)p2n−1 (k0)(sp2−p−1)p2n (p ≥ 5)
k0 (k0)32n−1(3t−1) (k0)9s−4 (p = 3)
b0 (b0)32n−1(3s−2) (b0)32n+1(3t−1) (b0)32n−2(9s−4) (p = 3)
b1 (b1)(sp−2)p2n (b1)(tp−1)p2n+2 (b1)tp2n+1+pe(2n−1) (b1)(sp2−p−1)p2n−1

These show that the δ′1-images δ′1(ξk) for the generators ξk of B are different from
each other, and so they are linearly independent. □
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3.2. Proof of Theorem 1.8. Let δ02 : H
∗N1

2 → H∗+1N0
2 be the connecting homo-

morphism associated to the short exact sequence (2.1), and consider the diagram

H2M0
2

(κ0
2)∗ // H2N1

2

δ02 //

ι12��

H3N0
2 = E3

2(V (1))

H1M1
2

δ1 // H2M0
3

η∗ // H2M1
2

of exact sequences for δ1 in (3.2). The connecting homomorphism δj associated to

(1.6) is factorized into the composite δj : H
sBP∗/Jj

ι̂j−→ HsN1
2

δ02−→ Hs+1N0
2 for the

homomorphism ι̂j given by ι̂j(x) = x/vj2. It follows that

(3.6) γ′′
spr/j = δ02(v

spr

3 /vj2) ∈ H1N0
2 = E1

2(V (1)) for vsp
r

3 /vj2 ∈ H0N1
2 .

Since δ02 is a k(2)∗-module map, we have

(3.7) vj−1
2 γ′′

spr/j = vj−1
2 δ02(v

spr

3 /vj2) = δ02(v
j−1
2 vsp

r

3 /vj2) = δ02(v
spr

3 /v2) = γ′′
spr .

It is well known that

β1 = −b0 = [−b1,0] , and β2 = 2k0 = [2K0] ∈ H2N0
3

for the cocycles b1,0 and K0 in (2.5) (cf. [5, Lemma 4.4]). This defines elements

vsp
r

3 βi/v2 ∈ H2N1
2 for i = 1, 2, and

δ02(v
spr

3 βi/v2) =
(3.6)

γ′′
sprβi ∈ E3

2(V (1)).

We also see that for vsp
r

3 βi ∈ H2M0
3 ,

η∗(v
spr

3 βi) = ι12(v
spr

3 βi/v2) ∈ H2M1
2 .

From Lemma 3.4, we read off that the elements vsp
r

3 β1 = −(b0)spr and vsp
r

3 β2 =
2(k0)spr ∈ H2M0

3 have a possibility to be in the image of δ1 if

(a) p ≥ 5 and (s, r) ∈
(
Z+
1 ∪ Z+

2

)
× 2N, or

(b) p = 3 and (s, r) ∈
(
N1 × 2N>0

)
∪
((
Z+
1 ∪ Z+

2

)
× 2N

)
∪
(
N2 × 2N>1

)
,

and if

(a) p ≥ 5 and (s, r) ∈
(
N1 × 2N

)
∪
(
Z+
2 × 2N>1

)
∪
(
N2 × 2N>1

)
, or

(b) p = 3 and (s, r) ∈
(
N1 × {0}

)
∪
(
Z+
2 × 2N>1

)
,

respectively. Here, Ni = N(p) \ Ni for i = 1, 2. Therefore, if a pair (s, r) satisfies

the condition of the theorem, then the element vsp
r

3 βi is not in the image of δ1,

and survives to ι12(v
spr

3 βi/v2) under the homomorphism η∗. Thus, v
spr

3 βi/v2 ̸= 0 ∈
H2N1

2 under the conditions.
Ravenel determined in [8, 6.3.24. Th.] and [7, (3.2) Th.] that

(3.8) H2M0
2 =

{
K(2)∗{h0ζ̃2, h1ζ̃2, b0, b1, ξ} p = 3

K(2)∗{h0ζ̃2, h1ζ̃2, g0, g1} p ≥ 5
,

where ζ̃2 = vp+1
2 ζ2 = [−z] for ζ2 in [2, Prop. 3.18)] and z in (4.18). This shows that

the elements vsp
r

3 βi/v2 for i = 1, 2 are not in the image of (κ0
2)∗, and hence survive to

γ′′
sprβi ∈ E3

2(V (1)). Moreover, γ′′
spr/jβi ̸= 0 ∈ E3

2(V (1)) if vj−1
2 γ′′

spr/jβi =
(3.7)

γ′′
sprβi

is not zero. □
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4. Some cochains in the cobar complex Ω∗E(3)∗

In the rest of this paper, we consider E(3)∗(E(3))-comodules whose structure
maps are induced from the right unit map ηR : E(3)∗ → E(3)∗(E(3)). We consider
the cobar complex Ω∗M of a comodule M in (2.2), whose differentials are given by

(4.1)
d0(v) = ηR(v)− v ∈ Ω1E(3)∗, and
d1(x) = 1⊗ x−∆(x) + x⊗ 1 ∈ Ω2E(3)∗

for v ∈ Ω0E(3)∗ = E(3)∗ and x ∈ Ω1E(3)∗ = E(3)∗(E(3)). For the differentials d0
and d1, we have relations (cf. [11, (2.3.2)]):

(4.2)

d0(vv
′) = vd0(v

′) + d0(v)ηR(v
′),

d1(vx) = d0(v)⊗ x+ vd1(x),
d1(xy) = −x⊗ y − y ⊗ x+ d1(x)∆y + (x⊗ 1 + 1⊗ x)d1(y) and

d1(xηR(v)) = d1(x)(1⊗ ηR(v))− x⊗ d0(v)

for v, v′ ∈ E(3)∗ and x, y ∈ E(3)∗(E(3)). A formula for the Hopf conjugation
c : BP∗(BP ) → BP∗(BP ) is given in [6, (3)], and implies immediately the following:

Lemma 4.3. The Hopf conjugation c : E(3)∗(E(3)) → E(3)∗(E(3)) acts as

ct1 = −t1, ct2 = tp+1
1 − t2, and ct3 ≡ t2t

p2

1 − t1ct
p
2 − t3 mod I2.

For the right unit ηR : BP∗ → BP∗(BP ), we have a well known formula

(4.4)([6, (11)]) ηR(vn) ≡ vn + vn−1t
pn−1

1 − vpn−1t1 mod In−1.

A routine calculation using (4.1) and (4.4) shows the following:

Lemma 4.5. Put σn =
∑n−1

k=0 v
p2ka2n−2k−1−p2k+1

2 vp
2k

3 ∈ E(3)∗. Then,

d0(σn) ≡ vp
2n−2

2 tp
2n

1 − v
a2n−1

2 t1 mod I2.

In E(3)∗(E(3)), ηR(v4) = 0 = ηR(v5), which give rise to relations

(4.6)
v3t

p3

1 ≡ t1ηR(v3)
p − v2t

p2

2 + vp
2

2 t2 and

v3t
p3

2 ≡ t2ηR(v3)
p2 − v2t

p2

3 − v2w
p + vp

3

2 t3 mod I2

(cf. [6, (12), (16)], [8, 4.3.21. Cor.]), where w ∈ E(3)∗(E(3)) (= w1(v3, v2t
p2

1 ,−vp2t1)
in [8, 4.3.21. Cor.]) is an element defined by

(4.7) pw = vp3 + vp2t
p3

1 − vp
2

2 tp1 + yp − ηR(v3)
p

for y ∈ (p, v1) in ηR(v3) = v3 + v2t
p2

1 − vp2t1 + y (see (4.4)).
The diagonal ∆: E(3)∗(E(3)) → E(3)∗(E(3)) ⊗E(3)∗ E(3)∗(E(3)) of the Hopf

algebroid E(3)∗(E(3)) acts on the elements ti and cti as follows:

(4.8)

∆(t1) = t1 ⊗ 1 + 1⊗ t1,
∆(t2) ≡ t2 ⊗ 1 + t1 ⊗ tp1 + 1⊗ t2 − v1b1,0 mod (p, v21),

∆(t3) ≡ t3 ⊗ 1 + t2 ⊗ tp
2

1 + t1 ⊗ tp2 + 1⊗ t3 − v2b1,1 mod I2 and

∆(t4) ≡ t4 ⊗ 1 + t3 ⊗ tp
3

1 + t2 ⊗ tp
2

2 + t1 ⊗ tp3 + 1⊗ t4 − v3b1,2 mod I3

(cf. [6, Th. 8], [8, 4.3.15. Cor.]), and so

(4.9)

d1(ct2) ≡ −tp1 ⊗ t1,

d1(ct3) ≡ ctp2 ⊗ t1 + tp
2

1 ⊗ ct2 − v2b1,1 mod I2 and

d1(ct4) ≡ tp
3

1 ⊗ ct3 − ctp
2

2 ⊗ ct2 + ctp3 ⊗ t1 − v3b1,2 mod I3,
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since ∆(cx) = (c ⊗ c)T∆(x) for the switching map T given by T (x ⊗ y) = y ⊗ x,
where b1,k is the cocycle in (2.5).

The fact d1(t
pk+1

1 ) ≡ −pb1,k mod (p2) implies not only that the cochain b1,k ∈
Ω2E(3)∗/(p) is a cocycle, but also the following lemma.

Lemma 4.10. The cochain w in (4.7) satisfies

w ≡ −v2v
p−1
3 tp

2

1 mod J2 and d1(w) ≡ −vp2b1,2 + vp
2

2 b1,0 mod I2.

Corollary 4.11. Put Wn =
∑n−1

i=0 v
p2ia2n−2i−p2i+2

2 wp2i

. Then,

d1(Wn) ≡ −vp
2n−1

2 b1,2n + va2n
2 b1,0 mod I2.

We generalize the relations (4.6) and obtain the following proposition from [8,
(4.3.1), 4.3.11 Lemma] and [6, Th. 1] (cf. [9, Prop. 2.1]):

Proposition 4.12. There exist elements Tn for n ≥ 0 satisfying Tn ≡ tpn mod I3
and

vp
k+1

2 tk+1 + tkηR(v3)
pk

≡ v1Tk+2 + v2T
p
k+1 + v3T

p2

k mod (p, v21)

for k ≥ 0, In particular, T0 = 1, T1 ≡ tp1, T2 ≡ tp2 and T3 ≡ tp3 + w mod I2.

Proof. We begin with recalling some notations from [8, §4.3]. For a sequence
J = (j1, j2, . . . , jm) of positive integers, we set |J | = m and ∥J∥ =

∑m
i=1 ji, and

an element vJ ∈ E(3)∗ is defined recursively by v(j,J) = vjv
pj

J . Let wk(S) for
a set S be symmetric polynomials of degree pn such that w0(S) =

∑
x∈S x and∑

x∈S xpn

=
∑n

k=0 p
kwk(S)

pn−k

. We then define sets Sn out of a set S = {ai,j}
recursively by

Sn = {ai,j | i+ j = n} ∪
⋃

|J|>0

{vJw|J|(Sn−∥J∥)
p∥J∥−|J|

}.

By [8, (4.3.1), 4.3.11 Lemma], we see

(4.13) w0(Cn) ≡
∑

i+j=n

F
tiηR(vj)

pi

≡
∑

i+j=n

F
vit

pi

j ≡ w0(Dn) mod (p)

for the sets

C = {tiηR(vj)p
i

} and D = {vitp
i

j }

In E(3)∗(E(3)), put

w(Sn) =
∑
J

vpJw|J|+1(Sn−∥J∥)
p∥J∥−|J|

and Tn = tpn − w(Cn) + w(Dn).

Then, the proposition follows from (4.13) and the congruences

w0(Cn) ≡ vp
n−2

2 tn−2 + tn−3ηR(v3)
pn−3

+ v1w(Cn−1) + v2w(Cn−2)
p + v3w(Cn−3)

p2

w0(Dn) ≡ v1t
p
n−1 + v2t

p2

n−2 + v3t
p3

n−3 + v1w(Dn−1) + v2w(Dn−2)
p + v3w(Dn−3)

p2

seen by the relation

v(k,J)w|(k,J)|(Sn−∥(k,J)∥)
p∥(k,J)∥−|(k,J)|

= vkv
pk

J w|J|+1(Sn−k−∥J∥)
p∥J∥−|J|+k−1

. □
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Lemma 4.14. For n ≥ 0,

ηR(v
p−1
2 v

e(n)
3 ) ≡

n∑
i=0

(−1)n−iv
pi+1e(n−i)+p−1
2 v

e(i)
3 tp

i

n−i−vp2w
p
n+v1v

p−2
2 wn+1 mod (p, v21).

Here,

(4.15) wn =

n∑
i=1

(−1)iv
e(i−1)
2 TiηR(v

pi−1e(n−i)
3 ).

Proof. In this proof, every congruence is considered modulo (p, v21). By Proposition

4.12, we have tkηR(v
pk

3 ) ≡ T̃k − vp
k+1

2 tk+1 for T̃k = v1Tk+2+ v2T
p
k+1+ v3T

p2

k , which
implies inductively

t1ηR(v
pe(n)
3 ) ≡ −

n∑
i=1

(−1)iv
p2e(i−1)
2 T̃iηR(v

pi+1e(n−i)
3 ) + (−1)nv

p2e(n)
2 tn+1,

and hence

(4.16)
t1ηR(v

pe(n)
3 ) ≡ −v1v

−p−1
2 wn+2 + v1−p

2 wp
n+1 − v3w

p2

n + (−1)nv
p2e(n)
2 tn+1

−v1v
−p−1
2 (tp1ηR(v3)− v2t

p
2)ηR(v

pe(n)
3 ) + v1−p

2 tp
2

1 ηR(v
pe(n)
3 ).

Now we prove the lemma by induction. For n = 0, it follows from the facts:
ηR(v2) ≡ v2 + v1t

p
1 by (4.4) and w1 = −tp1.

Assuming the case for n, we obtain the case for n+ 1 from (4.16) and

ηR(v
p−1
2 v

e(n+1)
3 ) ≡ v−p2+2p−1

2 v3ηR(v
p−1
2 v

e(n)
3 )p + vp−1

2 (v2t
p2

1 + v1t
p
2)ηR(v

pe(n)
3 )

−v2p−1
2 t1ηR(v

pe(n)
3 )− v1v

p−2
2 tp1ηR(v

e(n+1)
3 ),

given by ηR(v
p−1
2 v3) ≡ vp−1

2 (v3+v2t
p2

1 −vp2t1+v1t
p
2)−v1v

p−2
2 tp1ηR(v3). Here, ηR(v3)

is given in [2, (5.7)]. □
Send the congruence in Lemma 4.14 under d1, and compare the v1-multiples.

Then, we deduce the following corollary (cf. [9, Prop. 2.3]). Indeed, if v1v
p−2
2 d1(wn+1)

≡ A+ v1B mod (p, v21) for some A, B involving no v1, then A ≡ 0 mod (p, v21) and

vp−2
2 d1(wn+1) ≡ B mod I2.

Corollary 4.17. For the elements wn in (4.15),

d1(wn+1) ≡ −
n−1∑
i=0

(−1)n−iv
pi+1e(n−i)
2 wi+1 ⊗ tp

i

n−i − (−1)nv
e(n+1)
2 bn mod I2.

Here, bn is an element in d1(tn) ≡ an + v1bn mod (p, v21) for an and bn involving
no v1. In particular, b2 = b1,0 by (4.8).

We have the cocycle z in Ω1E(3)∗/I2:

(4.18) z = v3t
p
1 + v2ct

p
2 − vp2t2 = tp1ηR(v3)− v2t

p
2 + vp2ct2 = −w2 + vp2ct2,

which represents the element −vp+1
2 ζ2 ∈ H1M0

2 (cf. [2, Prop. 3.18 c)], (3.8)). In
particular,

(4.19) tp1ηR(v3) ≡ z + v2t
p
2 − vp2ct2 mod I2.

We further have cocycles G′
i and K ′

i ∈ Ω2E(3)∗/I2 for i ∈ {0, 1, 2} defined by

(4.20) G′
i = ctp

i

2 ⊗ tp
i

1 +
1

2
tp

i+1

1 ⊗ t2p
i

1 and K ′
i = tp

i+1

1 ⊗ ctp
i

2 +
1

2
t2p

i+1

1 ⊗ tp
i

1 ,

which are homologous to Gi and Ki in (2.5), respectively. Indeed,

(4.21) d1(gi) ≡ G′
i −Gi and d1(ki) ≡ K ′

i −Ki mod I2,
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for i ∈ {0, 1, 2}, and for gi and ki ∈ Ω1E(3)∗ given by

(4.22) gi = tp
i

1 tp
i

2 − 1

2
tp

i+1+2pi

1 and ki = tp
i+1

1 tp
i

2 − 1

2
t2p

i+1+pi

1 .

We also have a similar relation

(4.23) d1(t
p
1t2) ≡ −(tp1 ⊗ t2 + ct2 ⊗ tp1)− 2K0 mod I2.

Lemma 4.24. In Ω1E(3)∗, put

ω1 = ηR(v3)t2 − v2t3 + vp2t1t2, ω2 = 1
2ηR(v3)t

2p
1 − vp2k0, and

ω̃2 = −w3 − v
pe(2)
2 tp1t2.

Then, modulo I2,

d1(ω1) ≡ −t1 ⊗ z − v22b1,1 − 2vp2G0,
d1(ω2) ≡ −tp1 ⊗ z − v2G1 + vp2K0, and

d1(ω̃2) ≡ vp
2

2 z ⊗ tp1 + 2vp
2+p

2 K0 + v
e(3)
2 b1,0.

Proof. In this proof, we consider congruences modulo I2. A routine calculation
shows the congruence for d1(ω1):

d1(ηR(v3)t2) ≡
(4.2)
(4.19)

−t1 ⊗ (z + v2t
p
2a

+ vp2t2
:::

− vp2t
p+1
1 c

)− t2 ⊗ (v2t
p2

1 b
− vp2t1d

)

d1(−v2t3) ≡
(4.8)

v2(t1 ⊗ tp2a
+ t2 ⊗ tp

2

1 b
− v2b1,1)

d1(v
p
2t1t2) ≡

(4.8)
(4.2)

−vp2(t1 ⊗ t2
:::::

+ t2 ⊗ t1d + t21 ⊗ tp1
:::::

+ t1 ⊗ tp+1
1 c

),

in which the underlined terms with the same subscript cancel each other and the
wavy underlined terms make −2vp2G0.

For d1(ω2), we calculate

d1(
1
2ηR(v3)t

2p
1 ) ≡

(4.2)
(4.19)

−tp1 ⊗ (z + v2t
p
2

:::
G

− vp2ct2
::::

K′
)− 1

2v2t
2p
1 ⊗ tp

2

1
::::::::::

G

+ 1
2v

p
2t

2p
1 ⊗ t1.

::::::::::
K′

Add d1(−vp2k0), and we obtain the desired conguence by (4.21).
We verify d1(ω̃2) by

d1(w3) ≡
4.17

−v
pe(2)
2 w1 ⊗ t2 + vp

2

2 w2 ⊗ tp1 − v
e(3)
2 b1,0

≡
(4.18)
(4.15)

−v
pe(2)
2 (−tp1)⊗ t2

a
+ vp

2

2 (−z + vp2ct2b
)⊗ tp1 − v

e(3)
2 b1,0

d1(v
pe(2)
2 tp1t2) ≡

(4.23)
−v

pe(2)
2 ((tp1 ⊗ t2

a
+ ct2 ⊗ tp1b

) + 2K0). □

5. The elements xi and deriving elements yi and y′i

In [2, (5.11)], Miller, Ravenel and Wilson introduced elements x3,i ∈ v−1
3 BP∗.

We refine them, and define the elements xi ∈ E(3)∗ by

xi = vp
i

3 for i = 0, 1, 2, x3 = xp
2 − vp

3−1
2 v

(p−1)p2+1
3 ,

x4 = xp
3 − v

e(2)p3−p−1
2 v

(p2−e(2))p2+p+1
3 ,

x2k+1 = xp
2k − vpa2k−1

2 x
(p−1)p
2k−1 v3 − v

e(3)p2k−1−e(3)
2 v

(p2−e(2))p2k−1+p+1
3 , and

x2k+2 = xp
2k+1 − 2v

e(3)p2k−e(3)
2 v

(p2−e(2))p2k+p+1
3

for k ≥ 2.
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Lemma 5.1 (cf. [9, Prop. 3.1]). In Ω1E(3)∗, we have

d0(x0) ≡ v2t
p2

1 − vp2t1 mod I2,

d0(x1) ≡ vp2v
p−1
3 t1 − vp+1

2 v−1
3 tp

2

2 mod J2p, and

d0(xi) ≡ vai
2 (xp−1

i−1 t
pεi

1 +Bi) mod Je(3)pi−2 for i ≥ 2.

Here, εi =
1+(−1)i

2 , and Bi are as follows

i 2 3 2k

Bi −vp2v
c(2)
3 t2 vp

2−p
2 v

c(3)
3 (z − vp2t

p+1
1 ) v

a2k−1−p
2 v

c(2k)
3 (z − vp2t2)

i 2k + 1

Bi va2k−p
2 v

c(2k+1)
3 (2z − vp2ct2)

for c(k) = (p2 − p− 1)pk−2. For i ≥ 4, add v
ai−1+1
2 v

c(i)
3 Z ′ to Bi if we consider the

congrucence modulo Je(3)pi−2+1. Here, Z ′ is a cocycle homologous to aZ for some
a ∈ Z/p.

Proof. This follows from a routine calculation: For i ≤ 2, it follows from (4.4) and
from (4.6).

We obtain d0(x3) from (4.19) and d0(v
(p−1)p2+1
3 ) ≡ v

(p−1)p2

3 (v2t
p2

1 − vp2t1) −
va2
2 v

(p−1)p2−p
3 (tp1ηR(v3) − vp2t2) mod Je(3) by (4.2), (4.4) and the congruence on

d0(x2). We note that ηR(v
p+1
3 ) = vp+1

3 + v2z
p − vp

2

2 z by [2, (3.20)], and obtain

d0(v
(p2−e(2))p2+p+1
3 ) ≡ v

(p2−e(2))p2

3 (v2z
p−vp

2

2 z)−va2
2 v

(p2−e(2))p2−p
3 tp1(v

p+1
3 +v2z

p)+

vp
2+p

2 v
(p2−e(2))p2

3 t2 mod Je(3). The congruence on d0(x4) follows from this and the
congruence on d0(x3) together with the definition of the element x3.

Inductively suppose that

d0(x2k) ≡ va2k
2 xp−1

2k−1t
p
1 + v

e(3)p2k−2−e(2)
2 v

(p2−e(2))p2k−2

3 (z − vp2t2) mod Je(3)p2k−2 .

Then, we calculate

d0(x
p
2k) ≡ vpa2k

2 x
(p−1)p
2k−1 tp

2

1
a
+ v

e(3)p2k−1−e(2)p
2 v

(p2−e(2))p2k−1

3 (zpb − vp
2

2 tp2c
)

d0(−vpa2k−1
2 x

(p−1)p
2k−1 v3)

≡
(4.2)
(4.19)

−vpa2k−1
2 x

(p−1)p
2k−1 (v2t

p2

1 a
− vp2t1) + v

e(3)p2k−1−p−1
2 xp2−p−1

2k−1 (z + v2t
p
2c

− vp2ct2)

d0(−v
e(3)p2k−1−e(3)
2 v

(p2−e(2))p2k−1+p+1
3 ) ≡ −v

e(3)p2k−1−e(3)
2 v

(p2−e(2))p2k−1

3 (v2z
p
b
− vp

2

2 z)

∴ d0(x2k+1) ≡ vpa2k+p−1
2 x

(p−1)p
2k−1 t1 + v

e(3)p2k−1−e(2)
2 v

(p2−e(2))p2k−1

3 (2z − vp2ct2) and

d0(x
p
2k+1) ≡ v

pa2k+1

2 x
(p−1)p2

2k−1 tp1 + v
e(3)p2k−e(2)p
2 v

(p2−e(2))p2k

3 (2zp − vp
2

2 ctp2)

≡ v
pa2k+1

2 (xp−1
2k+1 − vpa2k−1

2 x
(p2−p−1)p
2k−1 v3)t

p
1 + v

e(3)p2k−e(2)p
2 v

(p2−e(2))p2k

3 (2zp − vp
2

2 ctp2)

≡ v
pa2k+1

2 xp−1
2k+1t

p
1 + v

e(3)p2k−e(2)p
2 v

(p2−e(2))p2k

3 (2zp − vp
2−1

2 z − vp
2+p−1

2 t2)

d0(−2v
e(3)p2k−e(3)
2 v

(p2−e(2))p2k+p+1
3 ) ≡ −2v

e(3)p2k−e(3)
2 v

(p2−e(2))p2k

3 (v2z
p − vp

2

2 z)

∴ d0(x2k+2) ≡ v
pa2k+1

2 xp−1
2k+1t

p
1 + v

e(3)p2k−e(2)
2 v

(p2−e(2))p2k

3 (z − vp2t2).

These complete the induction.

Put d0(xi) ≡ vai
2 (xp−1

i−1 t
pεi

1 + Bi + v
ai−1+1
2 C) mod Je(3)pi−1+1 for a cochain C.

It is easy to see d1(v
ai
2 (xp−1

i−1 t
pεi

1 + Bi)) ≡ 0 mod Je(3)pi−1+1. It follows that C is
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a cocycle of Ω1M0
3 , and so C represents a cohomology class av

c(i)
3 ζ3 ∈ H1M0

3 for
some a ∈ Z/p by (2.3). □

Put

d0(xi) ≡ vai
2 Ai + vai

2 Bi for Ai = xp−1
i−1 t

pεi

1 .

(εi =
1+(−1)i

2 ). We introduce elements yi and y′i ∈ Ω1E(3)∗ by

ys,i = xs
i t

pεi+1

1 − sxs−p+1
i Bi+1, and y′s,i = xs

i t
pεi

1 +
s

2
vai
2 xs−1

i Ait
pεi

1

Lemma 5.2. For the elements yi and y′i,

d1(ys,0) ≡ s(s+ 1)v22v
s−p−1
3 G2

d1(ys,1) ≡ s(s+ 1)v2p2 vsp−2
3 G0

d1(ys,2) ≡ −s(s+ 1)v2p
2−p

2 vsp
2−2p

3 (tp1 ⊗ z − vp2x)

d1(ys,i) ≡

{
−s(s+ 1)v

2a2k+1−p
2 xsp−2

2k (t1 ⊗ z − vp2G0) i = 2k + 1

−s(s+ 1)v
2a2k+2−p
2 xsp−2

2k+1(2t
p
1 ⊗ z − vp2K

′
0) i = 2k + 2,

and

d1(y
′
s,1) ≡ −svp+1

2 vsp−2p
3 K2

d1(y
′
s,2) ≡ −svp

2+p
2 vsp

2−p−1
3 K0

d1(y
′
s,3) ≡ sva3+p2−p

2 vsp
3−p2−p

3 (z ⊗ t1 − vp2x
′)

d1(y
′
s,i) ≡

{
sv

e(3)pi−2−p−1
2 v

(sp2−p−1)p2k−2

3 (z ⊗ tp1 − vp2K0) i = 2k

sv
e(3)pi−2−p−1
2 v

(sp2−p−1)p2k−1

3 (2z ⊗ t1 − vp2G
′
0) i = 2k + 1.

Here, x = (t2 + tp+1
1 ) ⊗ tp1 + tp1 ⊗ tp+1

1 + 1
2 t

2p
1 ⊗ t1 and x′ = tp+1

1 ⊗ t1 +
1
2 t

p
1 ⊗ t21,

and these congruences are considered modulo Ja+1, where a is the largest power of
v2 in each congrucence. Furthermore, replace K ′

0 and K0 in the congruences on
d1(ys,2k+2) and d1(y

′
s,2k) by K ′

0 + v2t
p
1 ⊗ Z ′ and K0 + v2Z

′ ⊗ tp1, respectively, if we
consider the congrucences modulo Ja+2.

Proof. We note that d1(Bi+1) ≡ −d1(Ai+1) ≡ −d0(x
p−1
i ) ⊗ tp

εi+1

1 mod I2 and

d0(x
s
i )+sxs+1−p

i d0(x
p−1
i ) ≡

(
s+1
2

)
xs−2
i d0(xi)

2 mod J3ai . Indeed, d0(x
s
i ) ≡ sxs−1

i d0(xi)+(
s
2

)
xs−2
i d0(xi)

2 mod J3ai . We also see that d1(Ait
pεi

1 ) ≡ d0(x
p−1
i−1 )⊗t2p

εi

1 −2xp−1
i−1 t

pεi

1 ⊗
tp

εi

1 ≡ d0(x
p−1
i−1 )⊗ t2p

εi

1 − 2Ai ⊗ tp
εi

1 mod Jai−1+2. Then, we calculate

d1(ys,i) ≡
(4.2)

d0(x
s
i )⊗ tp

εi+1

1 − sd0(x
s+1−p
i )⊗Bi+1 + sxs+1−p

i d0(x
p−1
i )⊗ tp

εi+1

1

≡
(
s+1
2

)
xs−2
i d0(xi)

2 ⊗ tp
εi+1

1 − s(s+ 1)xs−p
i d0(xi)⊗Bi+1 mod J2ai+p

d1(y
′
s,i) ≡

(4.2)
sxs−1

i d0(xi)⊗ tp
εi

1 + s
2v

ai
2 xs−1

i d0(x
p−1
i−1 )⊗ t2p

εi

1 − svai
2 xs−1

i Ai ⊗ tp
εi

1

≡ svai
2 xs−1

i (Bi ⊗ tp
εi

1 + 1
2d0(x

p−1
i−1 )⊗ t2p

εi

1 ) mod Je(3)pi−2+1

Now we obtain the lemma from Lemma 5.1. □

6. Proof of Lemma 3.4

In this section, we define the cochains (tp
i

1 )s and verify the d1-differential of
them.
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6.1. The cochains (t1)sp2k and (tp1)sp2k+1 for s ∈ Z0. We define the cochains by

(t1)s = ys,0, (tp1)sp = ys,1,

(t1)sp2 = ys,2 − s(s+ 1)v2p
2−p

2 vsp
2−2p

3 ω2,

(tp1)sp2k+1 = ys,2k+1 − s(s+ 1)v
2a2k+1−p
2 xsp−2

2k ω1

(t1)sp2k+2 = ys,2k+2 − s(s+ 1)v
2a2k+2−p2−p
2 xsp−2

2k+1(2ω̃2 + vp
2

2 (2ztp1 + vp2k0))

for k ≥ 1. Then, the lemma for this case follows immediately from Lemmas 5.2, 5.1
and 4.24 together with (4.21). Note also 2a2k+1 − p+ 2 = 2pa2k + p. For example,
for the case p = 3 and k ≥ 2, we compute modulo J2a2k+2,

d1((t1)32ks) ≡ d1(ys,2k)− s(s+ 1)v2a2k−12
2 x3s−2

2k−1d1(2ω̃2 + v92(2zt
3
1 + v32k0))

≡
5.2
4.24
(4.21)

−s(s+ 1)v2a2k−3
2 x3s−2

2k−1(2t
3
1 ⊗ z

a
− v32(K

′
0b

+ v2t
3
1 ⊗ Z ′))

− s(s+ 1)v2a2k−12
2 x3s−2

2k−1

(
2(v92z ⊗ t31c + 2v122 K0d

+ v132 b1,0)

+ v92
(
− 2(z ⊗ t31c + t31 ⊗ z

a
) + v32(K

′
0b

−K0d
)
))

.

6.2. The cochains (t1)sp2k and (tp1)sp2k+1 for s ∈ Z1. We put s = tp2 − 1, and
define the cochains (t1)(tp2−1)p2k and (tp1)(tp2−1)p2k+1 by

v
a2k+1

2 (t1)(tp2−1)p2k = −v
(t−1)p2k+2

3 wp2k+1 − d0(v
p2k+1−p2k−2

2 v
(tp2−1)p2k

3 σk)

+vp
2k+2−p2k−1

2 v
(tp−1)p2k+1

3 Wk, and
(tp1)(tp2−1)p2k+1 = (t1)

p
(tp2−1)p2k

for the elements σk in Lemma 4.5, w in (4.7) and Wk in Corollary 4.11. Then,
this case follows from Lemmas 4.5 and 4.10, Corollary 4.11 and (2.8). We also use

relations wp2k+1 ≡ −vp
2k+1

2 vp
2k+2−p2k

3 tp
2k

1 mod Ja2k+1+1 by Lemma 4.10 and (4.6),

and bp
2k+1

1,2 ≡ b1,2k+3 ≡ v
(p−1)p2k+1

3 b1,2k mod I3 by (4.6). For example,

v
a2k+1

2 (t1)(tp2−1)p2k ≡
4.5

v
(t−1)p2k+2

3 (vp
2k+1

2 vp
2k+2−p2k

3 tp
2k

1 )

−vp
2k+1−p2k−2

2 v
(tp2−1)p2k

3 (vp
2k−2

2 tp
2k

1 − v
a2k−1

2 t1)

≡ v
a2k+1

2 v
(tp2−1)p2k

3 t1 mod Ja2k+1+1,

since p2k+1 − p2k−2 + a2k−1 = a2k+1 in (2.8), and

v
a2k+1

2 d1((t1)(tp2−1)p2k) ≡
4.10
4.11

vp
2k+2

2 v
(t−1)p2k+2

3 bp
2k+1

1,2
a

+vp
2k+2−p2k−1

2 v
(tp−1)p2k+1

3 (−vp
2k−1

2 b1,2k
a
+ va2k

2 b1,0)

mod Ja2k+2+1. Since p2k+2 − p2k−1 + a2k = a2k+2 in (2.8), we obtain the case for
(t1)sp2k .

6.3. The cochains (t1)sp2k+1 and (tp1)sp2k for s ∈ Z(p). We begin with defining

(tp1)s = vs3t
p
1 + sv2v

s−1
3 ctp2 − s(s− 1)v22v

s−2
3 k1.

Then, we calculate by (4.2), (4.4), (4.8) and (4.22), and obtain

d1((t
p
1)s) ≡ s(s− 1)v22v

s−2
3 K1 mod J3.

Now we consider the cases for p | s(s− 1).
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6.3.1. The cochains (tp1)tpk+1 for k ≥ 1. We define the cochains by

(tp1)tp+1 = vtp3 z + tvp2v
tp
3 t2 − tvp+1

2 vtp−p
3 ctp3,

(tp1)tp2+1 = xt
2z + tva2

2 v
(tp−1)p
3 ω2,

(tp1)tp2k+1+1 = xt
2k+1z + tv

a2k+1

2 v
(tp−1)p2k

3 ω1 + tva2k+p+1
2 (tp1)(tp2−1)p2k−1 and

(tp1)tp2k+2+1 = xt
2k+2z + tv

a2k+2−p2

2 v
(tp−1)p2k+1

3 (ω̃2 + vp
2

2 ztp1)

in Ω1E(3)∗ for k ≥ 1, t ∈ Z(p), xn in (5.1), z in (4.18) and ωi in Lemma 4.24.
We verify this case by a routine calculation using (4.2), (4.4), (4.18), (4.8) and

(4.9). We see that tp
3

1 ⊗ z ≡ ηR(v3)t
p3

1 ⊗ tp1 + v2t
p3

1 ⊗ ctp2 − vp2v
p−1
3 t1 ⊗ t2 and

ηR(v3)t
p3

1 ≡ vp3t1 + v2ct
p2

2 mod Jp+1 by (4.18), (4.4) and (4.6). It follows that

tp
3

1 ⊗z ≡ −d1(v
p
3t2)+v2d1(ct

p
3) mod Jp+1, and then d1(v

tp
3 z) ≡ tvp2v

tp−p
3 (−d1(v

p
3t2)+

v2d1(ct
p
3)) +

(
t
2

)
v2p2 vtp−1

3 t21 ⊗ tp1 mod J2p+1. Thus, we obtain d1((t
p
1)tp+1).

The congruences on d1((t
p
1)tpk+1) for k ≥ 2 follow directly from Lemmas 5.1 and

4.24 and the results on d1((t
p
1)(tp2−1)p2k−1) shown in the previous subsection. For

example,

d1((t
p
1)tp2k+1+1) ≡ d1(x

t
2k+1)⊗ z + tv

a2k+1

2 v
(tp−1)p2k

3 d1(ω1)

+tva2k+p+1
2 d1((t

p
1)(tp2−1)p2k−1)

≡
5.1
4.24
3.4 2)

tv
a2k+1

2 v
(tp−1)p2k

3 t1 ⊗ z
a
+ tv

a2k+1

2 v
(tp−1)p2k

3 (−t1 ⊗ z
a
− v22b1,1b

− 2vp2G0)

+tv
a2k+p+1+pa2k−pa2k−1

2 v
(tp−1)p2k

3 b1,1
b

mod Ja2k+1+p+1.

6.3.2. The cochains (tp1)tpk+e(k) for k ≥ 2. We put r = 2n− 1 + ε (ε ∈ {0, 1}), and

(tp1)
′
tpr+e(r) = xt

r

(
wr+1 + vp

r−pr−3

2 wrηR(σ
pε

n−1) + var
2 wrt

pε

1

)
for wr in (4.15). Note that wr ≡ v

pe(r−2)
3 w2 ≡ −v

pe(r−2)
3 z mod Jp by (4.15) and

(4.18). Then, (tp1)
′
tpr+e(r) ≡ xt

rwr+1 ≡ −v
tpr+e(r)
3 tp1 mod I3. Furthermore, we

calculate

d1((t
p
1)

′
tpr+e(r)) ≡

5.1
4.17
4.5

tvar
2 v

(tp−1)pr−1

3 tp
ε

1 ⊗ wr+1
::::::::::::::::::::::

+ xt
r

(
vp

r

2 wr ⊗ tp
r−1

1 a

−vp
r−pr−3

2 wr ⊗ (vp
2n−4+ε

2 tp
2n−2+ε

1 a
− v

a2n−3+ε

2 tp
ε

1 b
)

−var
2 (wr ⊗ tp

ε

1 b
+ tp

ε

1 ⊗ wr
:::::::

)
)

≡ −(t− 1)var
2 v

tpr+pe(r−2)
3 tp

ε

1 ⊗ z mod Jar+p

together with (4.2) and (2.8). This case now follows from Lemma 4.24 by setting

(tp1)tpr+e(r) = −(tp1)
′
tpr+e(r) + (t− 1) var

2 v
tpr+pe(r−2)
3 ω1+ε.

6.3.3. The cochains (tp1)sp2k for k ≥ 1 and (t1)sp2k+1 for k ≥ 0. We define (tεi1 )spi

by

(t1)sp = y′s,1, (tp1)sp2 = y′s,2,

(t1)sp3 = y′s,3 + sv
e(3)p−p−1
2 v

(sp2−p−1)p
3 (zt1 − ω1),

(tp1)sp4 = y′s,4 − s
2v

e(3)p2−p2−p−1
2 v

(sp2−p−1)p2

3 (ω̃′
2 − vp

2

2 ztp1),

(t1)sp2k+1 = y′s,2k+1 + 2sv
e(3)p2k−1−p−1
2 v

(sp2−p−1)p2k−1

3 (zt1 − ω1), and

(tp1)sp2k+2 = y′s,2k+2 − sv
e(3)p2k−p2−p−1
2 v

(sp2−p−1)p2k

3 ω̃2,
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where ω̃′
2 = ω̃2 − vp

2+p
2 tp1t2 − v

e(3)
2 v−p2

3 ctp4. Except for d1((t
p
1)sp4), the lemma for

this case follows from Lemmas 5.2, 4.24 with (4.2).
For d1((t

p
1)sp4), we make a calculation

ω̃2 ≡
4.24

−w3 ≡
(4.15)
4.12

tp1ηR(v
p+1
3 )− v2t

p
2ηR(v

p
3) + vp+1

2 tp3
≡

(4.19)
(z + v2t

p
2a

− vp2ct2)ηR(v
p
3)− v2t

p
2ηR(v

p
3)a

+ vp+1
2 tp3

≡
(4.4)

vp3(z + vp2t2)− vp+1
2 ctp3 mod Jp+2.

Applying the Hopf conjugation c to the congruences of (4.6) shows the relations

(6.1) tp
3

1 ηR(v3) ≡ vp3t1 + v2ct
p2

2 and ctp
3

2 ηR(v3) ≡ vp
2

3 ct2 − v2ct
p2

3 mod Jp+1.

Then, mod Jp+2,

tp
4

1 ⊗ vp3z ≡ tp
4

1 ηR(v3)
p ⊗ z ≡

(6.1)
(vp

2

3 tp1 + vp2ct
p3

2 )⊗ z

≡
(4.18)

vp
2

3 tp1 ⊗ z + vp2ct
p3

2 ηR(v3)⊗ tp1 + vp+1
2 ctp

3

2 ⊗ ctp2
≡

(6.1)
vp

2

3 tp1 ⊗ z + vp2(v
p2

3 ct2 − v2ct
p2

3 )⊗ tp1 + vp+1
2 ctp

3

2 ⊗ ctp2 and

tp
4

1 ⊗ vp2v
p
3 t2 ≡

(6.1)
vp2t

p4

1 ηR(v3)
p ⊗ t2 ≡ vp2v

p2

3 tp1 ⊗ t2.

Therefore,

d1(v
p
2v

p2

3 tp1t2+vp+1
2 ctp4) ≡

(4.2)
(4.8)
(4.9)

−vp2v
p2

3 (tp1 ⊗ t2
a
+ t2 ⊗ tp1 + tp+1

1 ⊗ tp1 + t1 ⊗ t2p1
::::::::::::::::::::::::

)

+vp+1
2 (tp

4

1 ⊗ ctp3b
− ctp

3

2 ⊗ ctp2c
+ ctp

2

3 ⊗ tp1d
− vp3b

p
1,2)

tp
4

1 ⊗ ω̃2 ≡ vp
2

3 tp1 ⊗ z + vp2(v
p2

3 ct2
:::::

− v2ct
p2

3 d
)⊗ tp1 + vp+1

2 ctp
3

2 ⊗ ctp2c
+vp2v

p2

3 tp1 ⊗ t2
a
− vp+1

2 tp
4

1 ⊗ ctp3b

The sum of the waved underlined terms is −vp2v
p2

3 (2t2 ⊗ tp1 + t1 ⊗ t2p1 ) = −vp2v
p2

3 K0,

and bp1,2 ≡ vp
2−p

3 b1,0 mod I3 by (4.6). Then, mod Jp+2,

(6.2) tp
4

1 ⊗ ω̃2 + d1(v
p
2v

p2

3 tp1t2 + vp+1
2 ctp4) ≡ vp

2

3 tp1 ⊗ z − 2vp2v
p2

3 K0 − vp+1
2 vp

2

3 b1,0.

Now we calculate d1((t
p
1)sp4) mod Je(3)p2+1 for odd prime p as follows:

d1(y
′
s,4) ≡

5.2
sv

e(3)p2−p−1
2 v

(sp2−p−1)p2

3 (z ⊗ tp1a
− vp2(K0 + v2Z

′ ⊗ tp1))

d1(− s
2v

e(3)p2−p2−p−1
2 v

(sp2−p−1)p2

3 (ω̃′
2 − vp

2

2 ztp1))

≡
4.24

s
2v

e(3)p2−p−1
2 v

(sp2−p−2)p2

3 tp
4

1 ⊗ ω̃2
:::::::

− s
2v

e(3)p2−p2−p−1
2 v

(sp2−p−1)p2

3

(
vp

2

2 z ⊗ tp1 + 2vp
2+p

2 K0 + vp
2+p+1

2 b1,0

−d1(v
p2+p
2 tp1t2 + v

e(3)
2 v−p2

3 ctp4)
::::::::::::::::::::::::

+ vp
2

2 (z ⊗ tp1 + tp1 ⊗ z)
)

≡
(6.2)

s
2v

e(3)p2−p−1
2 v

(sp2−p−2)p2

3 (vp
2

3 tp1 ⊗ z
b
− 2vp2v

p2

3 K0 − vp+1
2 vp

2

3 b1,0)

− s
2v

e(3)p2−p2−p−1
2 v

(sp2−p−1)p2

3

(
vp

2

2 z ⊗ tp1a
+ 2vp

2+p
2 K0 + vp

2+p+1
2 b1,0

+vp
2

2 (z ⊗ tp1a
+ tp1 ⊗ z

b
)
)
.

6.4. The cochains (tp
2

1 )tp−1 for t ∈ Z. Put

(tp
2

1 )tp−1 = −v−1
2 v

(t−1)p
3 w.

Then, the lemma for this case follows from Lemma 4.10.
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