NOTE ON BETA ELEMENTS IN HOMOTOPY, AND AN
APPLICATION TO THE PRIME THREE CASE

KATSUMI SHIMOMURA

ABSTRACT. Let S?P) denote the sphere spectrum localized at an odd prime p.
Then we have the first beta element 3, € 7T2p2_2p_2(S(0p>), whose cofiber we
denote by W. We also consider a generalized Smith-Toda spectrum V;. char-
acterized by BPs«(V;) = BP./(p,v]). In this note, we show that an element
of (V- A W) gives rise to a beta element of homotopy groups of spheres. As
an application, we show the existence of Bg¢+3 at the prime three to complete
a conjecture of Ravenel’s: Bs € 7r163,6(5'?3)) exists if and only if s is not
congruent to 4, 7 or 8 mod 9.

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let BP denote the Brown-Peterson spectrum at an odd prime number p. Then,
we have the Hopf algebroid BP,BP over BP,, where

BP, = 7.(BP) = Z[v1,v2,...] and BP.BP = BP,(BP) = BP.[t,,ts,...]

for v; € BPyyi_g and t; € BPyy,i_oBP. It gives rise to the Adams-Novikov spectral
sequence converging to homotopy groups m,(X) of a connective spectrum X with
FEo-term

B3 (X) = Ext,pp(BP., BP.(X)).

We consider the sphere spectrum S°, the modulo p Moore spectrum M and a
cofiber V,. of the map a” : X"IM — M for a positive integer r and the Adams map
a:XIM — M, so that

(1.1) SO0 Ly gt and xreM s M v, I pretiyg

are cofiber sequences. Here ¢ = 2p—2 as usual. Suppose that vivi € ES"S”S“)Q(VT)
for integers 7 > 0, s > 0 and ¢ > 0. Then, we define the beta element (/. in the
FEs-term by

(1.2) Bujr = 06, (v}v3) € By PTHT(0)

for the connecting homomorphisms 8,.: E5*(V,) — E5TH""Y(M) and §: E5*(M) —
B3 (89) associated to the cofiber sequences (1.1). We note that if 7 —t = ' — ¢/,
then By/._¢ = By/_¢, and abbreviate 3,1 to 8. In this paper, we study which
of these elements survives to the homotopy groups 7, (S°) of spheres. For a prime
greater than three, the following beta elements survive:

Bs for s >0 by L. Smith [9],
Bipr  for t >0 and r < p with (¢,7) # (1,p) by S. Oka [4],[5], and
Bip2 s for t >0 and 7 < 2p by S. Oka [6].
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At the prime three, §s survives if s < 4 by Toda [10], and does not if s = 4, and
does if s = 5 by Oka [2]. Ravenel then conjectured that (s survives in the spectral
sequence if and only if s =0,1,2,3,5,6 mod 9. In [8], we proved the ‘only if” part.
For the survivors, we have

Bs for s >0 with s =0,1,2,5,6 mod 9 by M. Behrens and S. Pemmaraju [1].
We note that the element 3; € mp,_2(S°) is given by
B = jji[Bii
for the maps 4, j, 41 and j; are the maps given in (1.1). Here, [3i;] denotes iy
for the self-map § € [V(1),V(1)](p11)q (V(1) = V1) constructed by Smith [9] at

a prime greater than three, and the generator of the homotopy group [M,V(1)]16
given in [11] at the prime three. We define W by the cofiber sequence

(1.3) gpa=2 P g0 ¢y 5, gpa-1,
Then we have our main theorem:

Theorem 1.4. Suppose that there is an element By € mypy1)q(Vi A W) detected
by v5 € Eg"s(erl)q(VT AW). Then, the beta element By, for 0 <1 <r —2 survives
to 7r(sp+s,l)q,2(50).

As an example, we have
Lemma 1.5. At an odd prime, there exists By € Typpi1)q(Vp A W) fort >0
detected by vy € Eg’tp(”“)q(vp AW).
Corollary 1.6. The beta elements By, fort >0 and 0 <1 < p — 2 survives.

This corollary shows that O3; survives at the prime three, and completes a proof
of the conjecture.

2. PROOFS OF RESULTS
Applying the BP,-homology to the first cofiber sequence of (1.1), we obtain
BP.(M) = BP./(p).

We observe the Ea-term E3(X) of the Adams-Novikov spectral sequence as the
cohomology of the reduced cobar complex Q5p ppBP.(X). Then, we have a van-
ishing line for a (—1)-connected spectrum X:

(2.1) ESN(X)=0 ift<sq.
The structure maps of the Hopf algebroid BP,BP act on generators by
nr(v1) = vi+ph
(2.2) nr(v2) = wvo+vuit] — oty mod (p), and
Alt])) = Hhe1+104

(¢f. [7]). By this, we see that v; € ESY(M). Since E;qul’(sH)q(M) = 0 for
s > 0 by (2.1), vy is a permanent cycle. The Adams map « in (1.1) is given by
a = m(M A wvy) for the multiplication m of M, and so it induces v1-multiplication
on the BP,-homology. It follows that

BP.(V;) = BP./(p,v})
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for r > 0, and we see that
(2.3) vy € EYY(V,) and b e Eg’(p2+p)q(‘/}))
by (2.2). For the later use, we notice that
(2.4) ai =m(i Avy) = v1.
From [12], we read off
Lemma 2.5. Suppose that t —s < (p?> +p+1)q. In this range, the Adams-Novikov

Ey-term E3™ (M) is a subquotient of Z/p[v1,v2] ® {ho, h1, ha, go, ko, koho, hoh2} ®
P(bg,b1,bag). Here the bi-degrees of the generators are:
|h2| = (l,plq) (i:05172)7 |90| = (25 (p+2)Q)7 |k0‘ = (27(2p+1)Q)7
lbol = (2,pq), b1l = (2,p%q), and |bx| = (2, +p)a).
Proof. We have short exact sequences 0 — BP, /(p) — BP, /(p) — BP, /(p,v1) —
0 and 0 — BP,/(p,v1) — BP,/(p,v1) — BP./(p,v1,v2) — 0, which give rise to
Bockstein spectral sequences converging to the Adams-Novikov Eo-terms E3 (M)
and E3(Vq) with Ei-terms E5(Vy) and Extpp pp(BPy, BP,/(p,v1,v2)), respec-
tively. In our range, we have Extpp pp(BPs, BP./(p,v1,v2)) = Extp(Z/p,Z/p)
for the subalgebra P of the Steenrod algebra generated by the reduced power op-
erations. Thus, Ej (M) is a subquotient of Z/p[v1, ve] ® Extp(Z/p, Z/p). We now
read off the structure of Exty(Z/p,Z/p) from [12]. O

Corollary 2.6. In our range, we have a vanishing line: E;HE’“](V) = 0 for
V=MV, ift<ps+e. Here,c =0,]1.

Lemma 2.7. Let §: E5(M) — E5T(S°) be the connecting homomorphism associ-
ated with the first cofiber sequence in (1.1). Then, it is a derivation and

(v1) = ho, O(ha) = —b1 and &(bg) = 0.

Proof. Note that h; and b; are represented by cocycles tﬁ’i and ZZ;% %(z) ¥ ) th
of the cobar complex. By (2.2), we see that the differential d of the cobar complex

acts on v; and tfz as d(v1) = pt; and d(tﬁ’l) = —pb;_1 for i > 0. The lemma now
follows from the definition of the connecting homomorphism. O

The cofiber sequence (1.3) induces a split short exact sequence
0— E5'(V) =5 By (V AW) = B3P (V) —0
of Ea-terms for V = M and V., and so
EZ(VAW) = Ex(V)® gEa(V),

where g denotes a generator of degree pg — 1 such that k.(zg) = x. Since F3-term
is a homology of Fs-terms and da(g) = 1 for the element $; in (1.2), we have the
long exact sequence

(28)  By(M) S By S B AW) 5 BT ()
with the connecting homomorphism 9 given by 9(z) = x3;.

Lemma 2.9. The element v5 € EY(V, AW) in (2.3) survives to an element B, €
Tp(p1)g(Vo A W).
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Proof. Consider the cofiber sequence (1.1) with » = p. In the Adams-Novikov
spectral sequence for computing . (S°), we have the Toda differential dy41(b1) =

hobfy € ES*B’(”2+1)Q(50) up to nonzero scalar. By Lemma 2.5, E§+2’(p2+1)q(M)
is a subquotient of {v1b}. Since §(v1bf)) = hobfy, we see dgy1(h2) = v1bf) €

Eg+2’(p2+1)q(M) up to nonzero scalar by Lemma 2.7. Note that 81 = bg. In the ex-
act sequence (2.8), v1b) = d(v1bh "), and 50 dyi1 (24 (h2)) =0 in E§+27(p2+1)q(M A
W). Besides, Corollary 2.6 shows that E§q+2’(p2+s)q(M) = 0 for s > 1, and
we see that v, (hg) € Ezl’p2q(M A W) is a permanent cycle, which detects an el-
ement 3, € my2g_1(M AW). Send it by o in (1.1). The element o?f €
T(p24p)g—1(M N W) is detected by an element of Eg+1’(p2+p+1)q(M A W), since
the Ey-term E39THP@TDarss yr o yyry = pratte@rhersa yny gor ¢ > 1 is zero by
Corollary 2.6. The Es-term Eg+1’(p2+p+1)q(M) for s =1 is a subquotient of

hobobr (p = 3), 0P ughobl ™!, 0P hobE ™, vahy BB, WP T R bR 0P kg hobE 2

by Lemma 2.5, and so the Es-term E§+1’(p2+p+1)q(M/\W) = 0 by (2.8). Therefore,
ozpﬂz’] Ip = 0 and ﬂ; /p is pulled back to an element B, under the map jp. O

We call a spectrum R a ring spectrum if there exist a multiplication u: RAR — R
and a unit ¢: S® — R such that u(t AR) = 1p = u(RA1): R — R. By [3, Ex. 2.9
and [3, Ex. 5.7], we have

(2.10) W and V. for r > 1 are ring spectra.

In particular, the spectrum R, = V., AW for r > 1 is a ring spectrum with
multiplication m, = (i A pw ) (Ve AT AW): R.AR, =V, A\WAV, AW —
ViANVoAW AW — V. AW = R,., where T denotes the switching map and u, and
pw are the multiplications of V. and W, respectively.

Proof of Lemma 1.5. Since R, = V, A W is a ring spectrum, we obtain a self-

R,AB, mp . .
map [f"]: R, —— R, AR, —— R, inducing v5 on BP,-homology. Now put
By, = [BP]'7! B, to see the lemma. O

We consider the element i,a%i € ma,(V,) = maq(M) = Z/p{a?i} for r > 2 and
for the maps in (1.1), which is detected by the element v} € ES(V,.) by (2.4).

Lemma 2.11. Let r > 2. There exists an element 1, € Tpi2)q—1 (Vi A W) such
that k«(n,) = i,0?i € maq(V,). Besides, it is detected by vig € EJ(V, AW) =
E3(V,) & gE3(V;).

Proof. Put § = ij for the maps 4,5 in (1.1), and we have Yamamoto’s relation
a?§ = 2ada — §a? € [M, M]a4—1 (cf. [11]). We compute

02y = a2651[Bin]i = (602 + ada)ji[Bi)i = 0,

since aj; = 0 by (1.1). It follows that i,a%i € m2,(V;) is pulled back to an element
Ny € T(p+2)q—1 (Ve AW) as desired. Since i,a?i is detected by v € E3(V,), n, is
detected by the element v?g € ES(V, AW) = ES(V,) ® gE3(V;.). O
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Proof of Theorem 1.4. Consider the product Bsn, € m(V,. A W) for the element
7, in Lemma 2.11. Then, it is detected by v?v§g, since 7, induces a BP,BP-
comodule map (1,)«: BP.(V,.) — BP,(V, AW) such that (n,).(z) = v?zg and B,
is detected by v5. The map k.: ES(V, AW) — E(V,) assigns v?v§g to vivi, which
is a permanent cycle detected by x(Bsn,). Put now By, = jjirea™ T2 k(Bsn,) =

ja =27, k(Bgn,.) € m.(S°) for [ < r —2, and we see the theorem by the Geometric

Boundary Theorem (cf. [7]). Here, a™* denotes a map in the cofiber sequence
rk
Ve_r — V,, =V, obtained from applying the 3 x 3 Lemma to the cofiber

sequences of (1.1) for r» — k, r and k. We note that it satisfies jra™* = o"~%j,.. O
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