ON THE PRODUCT a;57{y: IN THE STABLE HOMOTOPY
GROUPS OF SPHERES

KATSUMI SHIMOMURA AND KIE YOSHIZAWA

ABSTRACT. We deduce the essential elements oz1,£3f72'yt for t > p with ¢t # 0,1
modulo (p) of the homotopy groups of spheres from result of C-N. Lee[2], which
states that alﬁf’_Q'yt is essential for ¢ < p.

1. INTRODUCTION

In the stable homotopy groups 7. (S°) of spheres localized at a prime p > 5,
we have the Greek letter elements oy € m,—1(S°), 81 € mp,—2(S°) and v €
T(p2 4+ (t—1)ptt—2)q—3(S?) for ¢ > 0, where ¢ = 2p — 2 (¢f. [3]). In [2], Chun-Nip
Lee showed non-trivial products

a1 #0 if2<t<pandr<p-2.

In this paper, we extend this result by elementary computation.

Theorem 1.1. In the stable homotopy groups m.(S°),
B Yuptt #0 ifl<t<t+u<pandr<p-2.

In particular, 5] vup+t 7 0 under the same condition.

The idea we used here will be applied to show other nontriviality of other prod-
ucts of homotopy elements, which requires us additional hard computation. We
will study those in forthcoming papers.

The authors would like to thank Ryo Kato and the referee for their useful com-
ments.

2. COMPUTATION ON THE ADAMS-NOVIKOV FE5-TERM

In this paper, p denotes a prime greater than five, and every spectrum is localized
at the prime p. The Brown-Peterson ring spectrum B P at p gives rise to the Adams-
Novikov spectral sequence converging to the homotopy groups 7. (X) of a spectrum
X with the Fs-term

Ey'(X) = Ext}"(A, BP.(X)),
where
(A,T') = (BP,, BP.(BP)) = (Zy)[v1,v2,...], BPt1, t2,...])
is the Hopf algebroid associated to the Brown-Peterson spectrum BP. The gener-
ators v; and t; of A and I" have the internal degree

(2.1) il = [til =2p" =2 = (""" +p" 7+ +p+1)g.
We consider here the Ext group the cohomology of the cobar complex Q* BP,(X)

(cf. 13])-
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Consider the Smith-Toda spectrum V'(n) defined by the cofiber sequences
SO 2 60 L y(0) 51, xav(0) & V(0) L V(1) L ety (0),
(2.2) SE+Day (1) L (1) 2 v(2) 2 e+HDetly (1) and
D@ HrrDay (2) 2 v (2) 25 v(3) Ly n@T ety ().

Here, o,  and 7 are the well known maps given in [1], [5] and [6] such that
BP,.(a) = v1, BP.(8) = v2 and BP,(7y) = vs. Then, the Greek letter elements ay,
Br and ~y;, for k > 0 in the homotopy groups 7, (SY) are defined by

(2.3) ap = jari, B = jiBfini and = jjijay iairi.
The cofiber sequences (2.2) induce the long exact sequences
e BRU(S0) B By(S°) S By(V(0) B B3NS =
e B(V(0) 5 B3 (V(0) U B (V(1) 25 BST(V(0) o, and
e B (V) S B (V() S B (V@) S BT (V1) -

of the Fs-terms associated to the short exact sequences of I'-comodules

0— BP, & BP, % BP,(V(0)) = 0,
(2.4) 0 — BP.(V(0)) 2 BP.(V(0)) = BP.(V(1)) = 0, and

0 — BP.(V(1)) & BP.(V(1)) & BP.(V(2)) — 0,

respectively. The Greek letter elements ag, Bk, and v for £ > 0 in the Es-term
are defined by

(2.5) ar = () Br = 661(vh) and v, = §0:102(vi) € Ey*(S°).

We notice that the Geometric Boundary theorem (cf. [4, 2.3.4. Th.]) shows that
the Greek letter elements of (2.5) in the Es-term converge to those of (2.3) with
the same name in the homotopy group 7. (S°).

Lemma 2.6 ([2, Lemma 4.3]). The element y; is represented by the following
t 2 2 2
2(2 yt2 (ctg’ Dby + 1 @ byg — 8 @ bioAHD ))

t
+3 3>v§_3<t’1’2,t§2,t1{2,k0> mod (p, vy, v2)Q*BP,.

Here, cty = 87" —to, pbj = S0~} (?)t?kl @t ®=) and ko = (th tq, 7).
In the proof of [2, Th. 4.4], Lee showed the following:

Theorem 2.7 ( [2, Th. 4.4]). (t2)«(a1f]7t) is nontrivial in E5(V(2)) for2 <t <p
and r < p—2. Here, 1o denotes the inclusion iziyi: S° — V(2) to the bottom cell.

Consider the exact sequence
(2.8) By (V(3)y) S BT (2)) B BV (2))

for 0 < u < p induced from the cofiber sequence SuP(®*+r+1ay (2) 27, V(2) —
V(3)up-

Lemma 2.9. Suppose that there are elements w € E3*™"*(V(3)y,) and vi€ €
EP*(V(2)) for s +u < p such that &€ & vsE3P*(V(2)) and d3(w) = v§€ # 0 in
(2.8). Then the internal degree of w is not less than that of v§p71v2+1,
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Proof. Let w denote the cocycle that represents w. Suppose |w| < |vs? w5t
Since [v4? w3t < |vs], w € B2*~1/(v4?), where B® = Z/plva) @Z/plt1, ta, t3, t4]©*
and B® = Z/plvs]) ® B". For a monomial z = voizt @ ... ® xzp_lt?f”’l of
B?P~1 with zy, € Z/p[t1, ta, t3], we sethhat d(z) =", v§+fa:§€ for m = max{by, :
0 <k < 2p} an;i z) € Zs/p[vg} ® B, since d(vs) = vst? — vbt; and d(ty) =
—t1 @th —to@th —t3®t] +vsbia. Consider a monomial zy appearing in w, and
we have integer k£ such that 0 < k < m and a + k = up + s. Since up > a, we put
a =up—a>0. Then, a+m > a+k = up + s implies m — a’ > s. Note that
lug| > [v8], and we have |w| = |zo| > |v§vy| = [vsP™* V5t | > [v4P " w3t This is
a contradiction. O

Proposition 2.10. (LQ)*(alﬂfiz’yuszt) is nontrivial in E3(V(2)) for integers t, u
with 2 <t+u < p.

Proof. First note that (t9)s(Yupse) = 05 (12)« () in Ey*(V(2)) by Lemma 2.6.
Under Theorem 2.7, it suffices to show that the element & = (), (a1 87 %v,) is not
in the image of d3. By Lemma 2.6, { = v5¢’ (s =max{0,t — 3}). If £ is in the
image of &3, then there exists a cochain w € Q??~1*BP,(V(3),,) such that d(w) =

vyPe = viPTP¢ for representatives ¢ and ¢ of ¢ and €', respectively. Furthermore

lw| > |vi? it by Lemma 2.9. Since |¢| = ((t+ 1)p® + (t —3)p+1t —1)g <
((s +1)p® + sp® + sp + 8)q = |vg "wi ™| < |vg “Pw| under our assumption, there is
no cochain that is cobounded by v;”c. O

Proof of Theorem 1.1. We see that &, = a1 vupss € Ea' T4*(8°) is nontrivial if
r < p — 2 by Proposition 2.10. Since every factor of £, is a permanent cycle in the
spectral sequence, so is &,. Since the elements in the zeroth and the first lines are
all permanent cycles, all elements in Fy*(S?) for r < 2p bounds no element under
the differential do,_1. O
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