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Abstract. We deduce the essential elements α1β
p−2
1 γt for t > p with t ̸= 0, 1

modulo (p) of the homotopy groups of spheres from result of C-N. Lee[2], which

states that α1β
p−2
1 γt is essential for t < p.

1. Introduction

In the stable homotopy groups π∗(S
0) of spheres localized at a prime p > 5,

we have the Greek letter elements α1 ∈ πq−1(S
0), β1 ∈ πpq−2(S

0) and γt ∈
π(tp2+(t−1)p+t−2)q−3(S

0) for t ≥ 0, where q = 2p − 2 (cf. [3]). In [2], Chun-Nip
Lee showed non-trivial products

α1β
r
1γt ̸= 0 if 2 ≤ t < p and r ≤ p− 2.

In this paper, we extend this result by elementary computation.

Theorem 1.1. In the stable homotopy groups π∗(S
0),

α1β
r
1γup+t ̸= 0 if 1 < t < t+ u < p and r ≤ p− 2.

In particular, βr
1γup+t ̸= 0 under the same condition.

The idea we used here will be applied to show other nontriviality of other prod-
ucts of homotopy elements, which requires us additional hard computation. We
will study those in forthcoming papers.

The authors would like to thank Ryo Kato and the referee for their useful com-
ments.

2. Computation on the Adams-Novikov E2-term

In this paper, p denotes a prime greater than five, and every spectrum is localized
at the prime p. The Brown-Peterson ring spectrum BP at p gives rise to the Adams-
Novikov spectral sequence converging to the homotopy groups π∗(X) of a spectrum
X with the E2-term

Es,t
2 (X) = Exts,tΓ (A,BP∗(X)),

where

(A,Γ) = (BP∗, BP∗(BP )) = (Z(p)[v1, v2, . . . ], BP∗[t1, t2, . . . ])

is the Hopf algebroid associated to the Brown-Peterson spectrum BP . The gener-
ators vi and ti of A and Γ have the internal degree

(2.1) |vi| = |ti| = 2pi − 2 = (pi−1 + pi−2 + · · ·+ p+ 1)q.

We consider here the Ext group the cohomology of the cobar complex Ω∗BP∗(X)
(cf. [3]).
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Consider the Smith-Toda spectrum V (n) defined by the cofiber sequences

(2.2)

S0 p−→ S0 i−→ V (0)
j−→ S1, ΣqV (0)

α−→ V (0)
i1−→ V (1)

j1−→ Σq+1V (0),

Σ(p+1)qV (1)
β−→ V (1)

i2−→ V (2)
j2−→ Σ(p+1)q+1V (1) and

Σ(p2+p+1)qV (2)
γ−→ V (2)

i3−→ V (3)
j3−→ Σ(p2+p+1)q+1V (2).

Here, α, β and γ are the well known maps given in [1], [5] and [6] such that
BP∗(α) = v1, BP∗(β) = v2 and BP∗(γ) = v3. Then, the Greek letter elements αk,
βk and γk for k > 0 in the homotopy groups π∗(S

0) are defined by

(2.3) αk = jαki, βk = jj1β
ki1i and γk = jj1j2γ

ki2i1i.

The cofiber sequences (2.2) induce the long exact sequences

· · · → Es,∗
2 (S0)

p−→ Es,∗
2 (S0)

i∗−→ Es,∗
2 (V (0))

δ−→ Es+1,∗
2 (S0) → · · · ,

· · · → Es,∗
2 (V (0))

v1−→ Es,∗
2 (V (0))

(i1)∗−−−→ Es,∗
2 (V (1))

δ1−→ Es+1,∗
2 (V (0)) → · · · , and

· · · → Es,∗
2 (V (1))

v2−→ Es,∗
2 (V (1))

(i2)∗−−−→ Es,∗
2 (V (2))

δ2−→ Es+1,∗
2 (V (1)) → · · · ,

of the E2-terms associated to the short exact sequences of Γ-comodules

(2.4)

0 → BP∗
p−→ BP∗

i∗−→ BP∗(V (0)) → 0,

0 → BP∗(V (0))
v1−→ BP∗(V (0))

i∗−→ BP∗(V (1)) → 0, and

0 → BP∗(V (1))
v2−→ BP∗(V (1))

i∗−→ BP∗(V (2)) → 0,

respectively. The Greek letter elements αk, βk, and γk for k > 0 in the E2-term
are defined by

(2.5) αk = δ(vk1 ) βk = δδ1(v
k
2 ) and γk = δδ1δ2(v

i
3) ∈ E∗,∗

2 (S0).

We notice that the Geometric Boundary theorem (cf. [4, 2.3.4. Th.]) shows that
the Greek letter elements of (2.5) in the E2-term converge to those of (2.3) with
the same name in the homotopy group π∗(S

0).

Lemma 2.6 ([2, Lemma 4.3]). The element γt is represented by the following

2

(
t

2

)
vt−2
3

(
ctp2 ⊗ b11 + tp

2

1 ⊗ b20 − tp
2

1 ⊗ b10∆(tp
2

1 )
)

+3

(
t

3

)
vt−3
3 ⟨tp

2

1 , tp
2

1 , tp
2

1 , k0⟩ mod (p, v1, v2)Ω
3BP∗.

Here, ct2 = tp+1
1 − t2, pbj,k =

∑p−1
i=1

(
p
i

)
tp

ki
j ⊗ t

pk(p−i)
j and k0 = ⟨tp1, t1, t

p
1⟩.

In the proof of [2, Th. 4.4], Lee showed the following:

Theorem 2.7 ( [2, Th. 4.4]). (ι2)∗(α1β
r
1γt) is nontrivial in E∗

2 (V (2)) for 2 ≤ t < p
and r ≤ p− 2. Here, ι2 denotes the inclusion i2i1i : S

0 → V (2) to the bottom cell.

Consider the exact sequence

(2.8) Es−1,t
2 (V (3)up)

δ−→ E
s,t−up(p2+p+1)q
2 (V (2))

vup
3−−→ Es,t

2 (V (2))

for 0 < u < p induced from the cofiber sequence Σup(p2+p+1)qV (2)
γup

−−→ V (2) →
V (3)up.

Lemma 2.9. Suppose that there are elements ω ∈ E2p−1,∗
2 (V (3)up) and vs3ξ ∈

E2p,∗
2 (V (2)) for s + u < p such that ξ ̸∈ v3E

2p,∗
2 (V (2)) and δ3(ω) = vs3ξ ̸= 0 in

(2.8). Then the internal degree of ω is not less than that of vup−1
3 vs+1

4 .
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Proof. Let w denote the cocycle that represents ω. Suppose |w| < |vup−1
3 vs+1

4 |.
Since |vup−1

3 vs+1
4 | < |v5|, w ∈ B2p−1/(vup3 ), where B

s
= Z/p[v4]⊗Z/p[t1, t2, t3, t4]⊗s

and Bs = Z/p[v3] ⊗ B
s
. For a monomial x = va3v

b0
4 x1t

b1
4 ⊗ . . . ⊗ x2p−1t

b2p−1

4 of

B2p−1 with xk ∈ Z/p[t1, t2, t3], we see that d(x) =
∑m

k=0 v
a+k
3 x′

k for m = max{bk :

0 ≤ k < 2p} and x′
k ∈ Z/p[vp3 ] ⊗ B

2p
, since d(v4) = v3t

p3

1 − vp3t1 and d(t4) =

−t1 ⊗ tp3 − t2 ⊗ tp
2

2 − t3 ⊗ tp
3

1 + v3b12. Consider a monomial x0 appearing in w, and
we have integer k such that 0 ≤ k ≤ m and a+ k = up+ s. Since up > a, we put
a′ = up − a > 0. Then, a + m ≥ a + k = up + s implies m − a′ ≥ s. Note that

|v4| > |vp3 |, and we have |w| = |x0| ≥ |va3vm4 | = |vup−a′

3 vs+a′

4 | > |vup−1
3 vs+1

4 |. This is
a contradiction. □
Proposition 2.10. (ι2)∗(α1β

p−2
1 γup+t) is nontrivial in E∗

2 (V (2)) for integers t, u
with 2 ≤ t+ u < p.

Proof. First note that (ι2)∗(γup+t) = vup3 (ι2)∗(γt) in E3,∗
2 (V (2)) by Lemma 2.6.

Under Theorem 2.7, it suffices to show that the element ξ = (ι2)∗(α1β
p−2
1 γt) is not

in the image of δ3. By Lemma 2.6, ξ = vs3ξ
′ (s =max{0, t − 3}). If ξ is in the

image of δ3, then there exists a cochain w ∈ Ω2p−1,∗BP∗(V (3)up) such that d(w) =

vup3 c = vup+s
3 c′ for representatives c and c′ of ξ and ξ′, respectively. Furthermore

|w| ≥ |vup−1
3 vs+1

4 | by Lemma 2.9. Since |c| = ((t + 1)p2 + (t − 3)p + t − 1)q <

((s + 1)p3 + sp2 + sp + s)q = |v−1
3 vs+1

4 | ≤ |v−up
3 w| under our assumption, there is

no cochain that is cobounded by vup3 c. □

Proof of Theorem 1.1. We see that ξu = α1β
r
1γup+t ∈ E2r+4,∗

2 (S0) is nontrivial if
r ≤ p− 2 by Proposition 2.10. Since every factor of ξu is a permanent cycle in the
spectral sequence, so is ξu. Since the elements in the zeroth and the first lines are
all permanent cycles, all elements in Er,∗

2 (S0) for r ≤ 2p bounds no element under
the differential d2p−1. □
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