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This is a survey that focuses on the 2-dimensional quasi-periodic tilings by using
the non-Pisot hyperbolic substitution generated by the Rauzy induction on exchanges
of four intervals.
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1 A Rauzy induction on 4-interval exchange trans-
formations

Let A be the alphabet given by A = {A, B,C,D} and let us consider seven 2 x 4
matrices as follows:

_[ABCD q_|[AC¢cDB] _[ADBC]
DCBA|]" " |DCBA]” T |DCBA]
A D B C (A B C D] (A B C D]

IVI[DCAB}’ V=lpBac| V"5 D ac sl
A B D C

VHZ{DACB}

For each J € {I,1I,--- , VII}, let us define the two bijections ;m : A — {1,2,3,4} and
gm A —{1,2,3,4} by

T = the location of o € A in the first row vector of J,

yjm = the location of o € A in the second row vector of J.
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For example, if J =11 = [ g g g i } , then we obtain
(JWO(A)7 JWO(B)7 JWO(C) (D)) = (1 4 2 )
(ﬂr (4), ym (B), ym (C), ym (D)) = (4,3,2,1),
(o (1)_17?1()7J7rol(3)>ﬂr1(4)) = (4,C,D,B),
(m (1), 57 (2), 7t (3), ymt(4)) = (D.C,B,A).

For each J, let us consider the 4-interval exchange transformation Ry, J € {I,11,. ..

with the subintervals {I,},. 4 of [0,1) as follows [Y] (see Figure 1).

()rA IBI C |D>1 ()FA | C IDIB\l
L — | L | | —
R D C B A Ru D C B A
[ | [ ~ [ | [ ~
| — > | — w
or A 4P B, C < ot A 4P By C N
L | — > L | — >
RHI RIV
[ | C (BA S [D| C [ A B
| — > | | -

[ | | | N [ | | L.
| | | J | | r
oL A IBI D| C 1
L | | | J
RVII
[DI A | C IB\
| | |

Figure 1: The 4-interval exchange transformations Rj.

,VII}

Let (Aa),eq be the length data of the intervals I, satisfying > ., Ao = 1. Then,

the transformation R, : [0,1) — [0,1) is explicitly given by

—x—z Ao +Z Am if 2 € L.

J70 (5) <J mo (@) gm (5) <J m1 ()
For example, if J =1,
ZE+)\D+)\0+>\B if ZEE]A
$—>\A+>\D—|—)\C if xzelp

.T—()\A—F)\B)—l-)\[) if xelg
.Q?—()\A+)\B+)\0) if zelp

RI (.T}) =



(see Figure 2).

0 | 1
b, AN AN )

R, Ao AB Ac Ap
[ | - A
Ip ! Ic ! IBI I, ’

Figure 2: The 4-interval exchange transformation R; given by the length data (Aa),c 4-

For each J € {I,1I,..., VII}, let us consider the induced transformation (RJ)[O,A*(J))
of Ry where ¢ is given by

€= 0 %f /\M0—1(4) = )\Jﬁ_l(‘l)
1 lf AJW51(4) < )\Jﬂ_;l(4)

and A\ (J) is given by

N () = 1= min {A v A |

Then, for J and e, there exists J’ such that the induced transformation (RJ)[O’)\* () 18
isomorphic to Ry by the isomorphism v 0) (z) = 5 from [0,AZ(J)) to [0,1). For
example, if J = I, the induced transformations (i) .y, € € {0, 1} are following (see
Figure 3):

e=0 if Ap > A, e=1 if Ap < A,
0
0. A B C D >l - A | B A C | D >l
E . L | | |
R, i R, i
[ D C B i A [ D | C | B { EA ~
|_|_H f L R —
A B C D j/lf)(l): -2, r A , D B C ~N A= 1-2,
F|_|_| ) C 1 = =
R, ABU»J D A c B ®, *T“”J D, C B, A
4 1 R
M 12 A 1-1p
r A | B | C | D ) r A | D | B | C
‘ L | | | L | | | J
Ry; Ry
[ D AL C B ) [ b, ¢ (BA S
| | | ~

Figure 3: The induced transformations (RI)[(), () of Ry, e = 0,1 and the renormalized
transformations Ry; and Ry of (RI)[O’/\*(J)), e=0,1.



The other cases of J = II, 111, ..., VII are defined analogoulsy.

By the length )\Jwal( 1) and )\wal( 1) of the subintervals Iﬂal( 2 and IJﬂ_;l( 2 respectively,
we have a part of the directed graph with the vertices {I,1II,..., VII} and the labels
e € {0,1}. For example, if J = I, see Figure 4.

ABCD
e=0 ,VI=IpAacCB

_[ABCD
DCBA
ADBC

=1 =
€ 111 [DCBA]

Figure 4: The directed graph that starting vertex is I.

The other cases are defined analogously.
Then we have the following Rauzy induction diagram from the 4-interval exchange
transformations (see [Y]).

Proposition 1.1 (The Rauzy induction diagram). We have the following Rauzy induc-

tion diagram (see Figure 5):

0 1

[ a

- |ACDB ABCD
DCBA \\i\ /ﬁ//V: DBAC
1 ]I I:[ABCD] IO ?\
DCBA
[y 0 P e ]
=|ADBC]<— _[ADBC 1 0™~ _[ABCD] — y;_[ABDC
DCAB|— DCBA DACB| «— DACB

Figure 5: The Rauzy induction diagram (RID).

Using the Rauzy induction diagram (RID), we obtain the RID-admissible path

((j;)(jj)---(j;) ) of (%) e {LIL,..., VII} x {0,1}.

Now let us introduce the family of the substitutions o(3) on A* related to the induced

€

transformation (Ry)y .y as follows:

0((1]) : A — AD O’G) : A — A 0(101) :A — AB 0’(111) : A — A
B — B B — B B — B B — AB
c — C c — C c — C c —- C
D — D D — AD D — D D — D



O’(HI) . A i AC O'(IH) . A — A O'(IV) . A i A O'(IV) . A i A
B — B B — B B — BC B — B
cC — C Cc — AC cC — C C — BC
D — D D — D D — D D — D

0’(\01) A — A U(\ll) A — A 0(\61) A — A O'(\il) A — A
B — B B — B B — BD B — B
Cc — CD cC — C c — C cC — C
D — D D — CD D — D D — BD

O'(Vgl) A — A U(V1H) : A — A
B — BC B — B
cC — C C — BC°
D — D D — D

We write the incidence matrices of the above substitutions (%) @8 M;.

€q

Then, we have the following RID with the substitutions.

Proposition 1.2 (The RID with the substitutions). We have the following RID with
the substituions (see Figure 6):

G(“:A—>AB G, A—A
V'B B g B
C—-C C—-C
DD D —CD
0 G(”)Z A—A G(V): A— A 1
m "' B— AB ‘" B-B f\
C-—->C C —->CD
M= ACDB D—D D—D ABCD
DCBA 1 0  V=|DBAC
G‘nl':AA’A \ / UVIZA—>A
" B—B 1 1= ABCD 0 @) B — BD
C— AC "I DCBA Cc—C
D —-D / \ D—-D
| ADBC 1 0 ™~y _-|ABCD
DCBA G(I)IAHA 0(‘:A—>AD DACB
" Bo>B " B—>B
C-—->C C—-C
D — AD D—-D
G(,é,):A—>AC 0 6. ADA 6ot Ao A 1 1 G(\,I]):A—>A
B—B (¥) () B—B
C—C B —BC B—B c—cC
R C—-C C - BC D — BD
b—=D A C D—-D D—-D
_ DB | ABDC
v [DCAB} VH_[DACB}
Gy A—A Gl A—A
L st wAA \
1 C —»BC C—C 0
D—-D D—-D

Figure 6: The RID with the substitutions.



For any RID-admissible periodic path ((g;’) (Jl) e

€1

(Ji) .. (Jk—1)> with period k, we

& Ek—1
have the substitution o; as follows:

Ti = O(l) (1) O O(Io1) O O(20) O 71T 2T (i)

on A*. In this survey, we only consider the following RID-admissible periodic path:

(G)E) ) ) - (GO EHEEG)

with period 8.

The substitution ¢ will be sometimes written by

(o) = W = PO S

@

where P (resp. 5\%) is the prefix (resp. suffix) of the letter W(*|

2 On an example
Let us consider the following substitution o as an example:

g = 0‘(11) o U(II) 00(1) OU(VI) o U(V) o O'(V) o 0(1) o U(III)
0 1 0 0 1 0 1 1
generated by a RID-admissible periodic path with period 8 (see Fig. 7).
The substitution o is explicitly given by

ABD
ABBD
ABDCCD
ABDCD

o

TQwe
Ll

and its incidence matrix M, and its characteristic polynomial ®, (z) are given by

M, = O, (v) =2 —T2® +132° — Tz + 1

Y

—_ O =
=T I
N QO
DO = =

respectively. Then, we see that the root of @, (z) is distributed by Figure 8.
Therefore we have the Perron-Frobenius eigenvector v, satisfying

vy =" [Aa, A, Ao, Ap], Aa >0, and Z)\a =1
acA



(o) () (o) () () (0) () ()

Figure 7: An example of a RID-admissible periodic path with period 8.

B AA3 A2 Al

Figure 8: The distribution of the roots of @, ().



where ' M means the transpose of the matrix M.
Starting from o, we obtian the following 4-interval exchange transformation. Let us
define the partition {I, | « € A} of [0,1) by

In=10,24), Ip=[Aa, Aa+Ac), Ie=[Aa+ A, Aa+ Ao+ Ap),
[D:[)\A—i-)\c-i-)\p,l)

(see Figure 9).

A C D B
| 12!
A Mtd N4+
Figure 9: The partition of [0,1).
From the definition, Ry is explicitly given by

T+ Apt+Ac+Ag if xzely

R ()_ T—Aa+ Ap if zels
T =Y 2 - a4 Ao) if zelp
T — Mg if ze€lp

Then, Ry () by Ag > A4 and the induced transformation (RH)[O’ A5(ID) of Ry is isomor-
phic to Ry by the isomorphism 20 (x) = (M from [0, A\f (II)) to [0,1) (see Figure
10).

Let W be the fixed point of o, that is,

W =s189...8...= lim 0" (A).

n—oo

Let
L (v1,v2,v3,v4) := L (v1) © L (v2) DL (v3) D L (vyg)

and let us define the projection m; and m;; by

T ﬁ(vlav27v37v4) — E(’U,L)
mij o L(v1,v2,03,v4) — L(v;,0))
where v;, i = 1,2, 3,4 are the eigenvectors associated to the eigenvalues \;, i = 1,2, 3,4

of M, satisfying \; > Ay > 1 > A3 > Ay > 0 respectively.
Moreover, let us define the homomorphism f : A* — Z* by

f(A):=e, [(B):=ey f(C):=es, f(D):=es f(0):=10
f<W1W2Wk) :f(W1)+f(W2)++f(Wk)

On the above notation, we have firstly the following proposition.



e=0 if Ag > A,

Figure 10: The induced transformation (RH)[O ;) of Ryr.

Proposition 2.1. Let us define the set X,, X/, X as follows:

X, = the closure of ma{f (s182...5k-1) | sk=a,k=1,2,...},a€e A
X! = the closure of Ty {f (s182...8;) | sp=a,k=1,2,...},a€ A
X = the closure of my{f (s152...8k-1) | k=1,2,...}.

Then, we have the following properties:

(1) X, is the interval of the line L (vy4);

(2) X = UaGA X‘l = UaGA Xéw'

(3) XaNXg (a# ), a, 5 € A are not overlapped;
o satisfies the set equation:

Mo (=M %) = U U (mar (P) + %)

BeA () _q

(5) The interval exchange transformation D : X — X such that D (X,) = X, is
isomorphic to R(u) where D : X — X such that D (X,) = X|, is isomorphic to
0
A C D B
Ry = {

D C B A] (see Figure 11).



030 T 0301

025F : 025}

01sF 0.15F
D | ,

010f ; ; 0.10F

L I L L n L I L
-08 -06 -04 -0.2 -08 -06 -04 -0.2

Xz Xp Xc Xa Xa Xs Xc XD

Figure 11: X, and X/,.

Moreover, we have the following theorem.

Theorem 2.2. (¢f. [F-I-Rao]) Let us define

)A(a = the closure of msq {f (s152...5k-1) | sk=a,k=1,2,...}
X! = the closure of w3y {f (s152...55) |sp=0a,k=1,2.}
X = the closure of ms {f (s152...5,1) | k=1,2,...}.

Then,
(1) X = Uasea X, = Uasea X (non-overlapping);
(2) {)A(a} ) satisfies the set set equation:
ac

WU U (e (7)  5).

BeA (D)

(3) The above set equation satisfies open set condition, that is, there exist a family of
open set U,, a € A such that

7o U U (e (£ (R +05))

BeA () _q

where the right-hand side is non-overlapping union;

~

(4) The domain exchange transformation D:X— X satisfying D ()/(\'a) = Xy is
well-defined (see Figure 12).

10



. . .
-05 -05 0.5

-0.

. U
acA
Figure 12: (J,c4 )?a and (J,e4 )/(\'a/.

3 Quasi-periodic tiling

Starting from the hyperbolic and non-Pisot substitutions (automorphism) o of degree 4,
the generating method of quasi-periodic tiling on £ (vq, v3) and L (v3, v4) were discussed
in [A-F-H-I], [F-I-Rob], [H-F-I]. In this section, we

show the existence of the quasi-periodic polygonal /self- T24€ 713464
affine tilings generated by substitution ¢ analogously. >

Let us observe the figure of {m34e;},_, 53, (see Fig- B o4
ure 13). Using the projected basis {m3i€:},_; 4,4, We S
consider the proto tiles of parallelograms on L (v3, vy)
(see Figure 14). 3481

—

Using the automorphism 6 :=c~! (see [E]):
Figure 13: {m34€;},_; 55 4-

(A) = AD'CD'AB~'A

(B) = AD"'CD 'BA"'DC-'DA-!
(C) = AD-'CD! ’
(D) = DC~'DA™!

we try to consider the 2-dim extension of the automorphisms 6 as follows:

B () (0,aAB) = (0,6(x) AO (D))
-3 (f(Pfa)>+f(Pj(ﬁ)),Wi(a)AWj(5)>

1<i<ly
1<j<lg

(see Figure 15). Attention that we find the negative oriented parallelograms in
E5 (6) (0, A B) which is characterized as the strong colored parallelograms in Figure
15.

11



05 05 05
713464 73484 73484
346 7346 7346
-0.9 ;

-09 08 -09 ‘ 08 -0. 058
bis Bi:" 3463

-os8! 3481 -08 T3 -o08! T34
734 (0, f (B) A f (4)) 734 (0, f (C) A f (4)) 734 (0, f (A) A £ (D))
05r , 05-
34€4 73464 73464
T34€ TAE 346
-09 ; 0.8 —6.9 0‘.8 -09 2 0.8
3463 T34€3 3483
-o0s8l T34@ -08" 728 -o08' 348
734 (0, f (B) A £ (C)) 734 (0, f (D) A f (B)) 734 (0, f (D) A f(C))

Figure 14: The proto tiles on £ (v3, v4) generated by f (A) = e, f (B) = e, f (C) = es,
f (D) = €4.

On the example, we know that A* is positive, that is,

ANB
CNA
DAA ULINTN
BAC
BAD
DAC

A*

I

|
— = =W W O
O N~ RN -
O = == =O
_— O O = = O

NN = NN
O N~ N

My My

1<4,5<4 *
Mg My VA

where m;, ;. = det [ } for M1 = [my,]

From this fact, we try to find the tiling substitution Es (0) by the retiling method in
[F-I-Rob] (see Figure 16).

Theorem 3.1. Let U, be a patch generated by the following proto tiles:

U = (2, [(B)ANf(A)+(z+es—es, f(C)NF(A)+ (2, f(A) A F(D))
+(z+ei—es f(B)ANf(C))+ (2, f(D)Af(B))
+(z+e —es f(D)Af(C))

where z = (—+5, =2, —2.0). Then, we see that U, is the seed, that is, B, 0)° (U.) = U,

(see Figure 17).
Moreover,

12



-21 734 18 -21 n

N
D
5L
[
L
®
=
[e:]
5
o5
5
®
)
A\/e
S
i

E2(0)
H
—44t -44 -44
734 (0, f (B) A f (A)) 734 (0, f (C) A f (A))
-21 73485 18 21 Tl 18 18
348
E>(6)
—
-44 -4.4 -44 -44
734 (0, f (A) A f (D)) 734 (0, f (B) A f (C))
7(0@: e noéfﬂe‘ ﬂO.S
-21 73484 18 _21 18 -21 73464
E»(6)
—
-4.4 —4.4 -44
734 (0, f (D) A f(B)) 734 (0, f (D) A £ (C))

Figure 15: E5 (0) (0, A 3).
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-13

12 -13

734 (0, f (C) A f (A)) m34F2 (0) (0, f (C) A f(A)) 7342 (0) (0, f (C) A £ (A))
_2247;66 Y = 06 . ,:Q 06

T8

fs
-22
€ ' T8

-24

-24

734 (0, f (B) A f(C)) m31E2 (0) (0, f (B)AF(C))  msaF2 (0) (0, f (B) A f(C))

Figure 16: The retiling method from E, () to Es ().

2

7T34uc A part of 7T34E\2 (9)3 (Uc)

Figure 17: 734U, and a part of 7r34E\2 (0)3 U.).
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(1) T = {ma(@ (@) AFB) | B2(0)" ) > @.f(@)Af(B)} is o quasi
periodic polygonal tiling of L (vs,vy) (see Figure 18);

(2) Put .
Xang := lim myMJ"Ey (6) (0, f () A £ (8)).

Then, {Xang} satisfies the set equations:

M (7r34w1—l—X% :Z(ﬂ'34$k +X(z))
k

where U, = Y20_, (i, ) and By (60) (mi,7:) = (ml(;) + 71(:)>;

(3) Teo = {msax + Xong | ma(z, f (@) A f(B)) € Tea}. Then, 1.5 is a quasi-periodic
self-affine tiling of L (vs,v4) (see Figure 20).

LN

DN\ )7

Figure 18: The quasi-periodic polygonal tiling 7.; of L (v3,v,4).

By the analogous discussion, we can construct the quasi-periodic polygonal/self-
affine tiling from the ”tiling substitution Fs (¢)” on the expanding plane £ (vq,v2).
Let us observe the figure {ngei}i:172’3’4 (see Figure

21) and we consider the proto tiles of parallelograms on e
L (vy,v2) (see Figure 22). ra
Using the automorphism o:

o(A) = ABD s
o(B) = ABBD

o(C) = ABDCCD’ Figure 21: {7T34ei}¢:1,2,3,4-
o(D) = ABDCD

15



6 6

malle = > maa (T, i) Y (msazi + X,
i1 i=1

Figure 19: w34, and the proto-tiles of the quasi-periodic self-affine tiling 7.

Figure 20: The quasi-periodic self-affine tiling 7.5 of £ (vs, v4).
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1261 eizez -
1264 1264 1264
1263 1263 1263
712 (0, f (A) A f(B)) m12(0, f (C) A f(A)) 712 (0, f (D) A £ (A))
€2 1262
1261 ‘ 12€1 ‘ 12€1
1264 1264 €4
1263 1263
m12(0, f (C) A f(B)) m12(0, f (D) A f (B)) m12 (0, f (C) A f (D))

Figure 22: The proto tiles on £ (v, v2) generated by f (A) = ey, f (B) = e, f (C) = es,
f (D) = €4.

we try to consider the 2-dimensional extension of the automorphisms (substitutions) o
as follows:

Ey(0) (0,aAfB) = (0,0(a) Ao (B))
_ Z <f PZ-(O‘)) +f<Pj(ﬁ)> ’Wi(a)/\w/j(ﬁ)>

(see Figure 23):
On our example, we know that A* is positive, that is,

ANB
CNA
DAA VTN
CNB
DAB
CAND

A*

O = OO O =
N~ N~ NO
el el e i e =)
N O = O = O

N Wk = N =
— W N ==

Qi Q4

. _ _
where a;,; ., = det [ } for My = [aij],<; j<y -

Cij ajl

From this fact, we try to find the tiling substitution b, () by the retiling method
in [F-I-Rob] analogously (see Figure 24):

17



e 261
05 05
L2 26

2

mi2 (0, f (A) A f (B)) m12 (0, f (C) A f(A))
. o N s
26 — 2 e e
m12 (0, f (D) A f (A)) m12 (0, f (C) A f(B))
ejm Es (o) 22;1; ;Lwé Es (o) 2:2034
712 (0, f (D) A f (B)) ™2 (0, f (C) A f(D))

Figure 23: E5 (o) (0,a A ().

Theorem 3.2. Let U, be a patch generated by the following proto tiles:

U = (Y+es, [(ANF(B)+(y+es f(C)Nf(A)+ (y+ex f(D)Af(A))
+(y+esten, [(C)ANF(B)+(y, [ (D)NF(B)+ (y, [ (C)A[(D)),

where y = (5,13, — 5, —13). Then, we see that U, is the seed, that is, EQ( ) (U.) >

U, (see Figure 25).
Moreover,

(1) Tr = {rale f@)ATB) | B@"U)5 @ f@)ATB))} is a quasi
periodic polygonal tiling of L (vq,vs) (see Figure 26);

(2) Put
Xapg = lim mi2M, " Ey (0)™ (0, f (@) A f (8)) -
Then, {Xang} satisfies the set equations:

k
where Uy = S0, (@.6) and B (o) (@,.6) = 5, (2 +o{");

(3) Teo = {max+ Xang | ma(x, f()Nf(B) €Tcq}. Then, T.o is a quasi-
periodic self-affine tiling of L (v1,vs) (see Figure 28).

18



@

m12 (0, f (A) A f(B))

m2E2 (o) (0, f (A) A f(B))

71'12E2 0 f /\f A)

m2 (0, f (C) A f(B))

A
-\

m12E2 (0) (0, f (C) A f (B))

%%s

7r12E2 /\f B)

m12 (0, f (D) A f(B))

mi2E2 (0) (0, f (D) A f(B))

m12E2 (0) (0, f (D) A f (B))

AN

w12 (0, f (C) A f (D))

m12E2 (o) (0, f (C) A f (D

)

N2

m12E2 (0) (0, f (C) A f (D))

Figure 24: The retiling method from E, (o) to B, (o).
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A part of sz} (0)3 U.)

<
7r122/l

Figure 25: 72U, and a part of 7T12E\2 (0)3 (U,).

"\

i

{
o

I\

!

/

aﬁ\m

A)

g

A

I\

|

Vi

AN
i

g 12

Y(maz; + X5,)

(e

M

mi2x; + X5,)

(

D

i)

mi,(5

(

T12Ue

=1

=1

Figure 27: m5U, and the proto-tiles

of the quasi-periodic self-affine tiling 7. 5.
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W‘ m ’W w ~ s e
LAY AT A , { ’~¢ 0,
K W “«" W

Figure 28: The quasi-periodic self-affine tiling 7 » of £ (vy, v3).
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