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31 Beta expansion

(1) Definition

€ (0,1), > 1
x:aléx)_l_azﬁ(;v)_l_“.
where

an(ZU) ‘= [5T§_1<3¢>] < {07 IR [6]}
Ts(x) = {fz}:|0,1) = [0,1)



(2) Admissible sequence

Det.
J

A sequence (x,),>1 is (- admissible VEN
(n)n>1 18 the B-expansion of some x € [0,1).

Notation

d(:l?, 5) ‘= (al(x)a CLQ(CU), o )
d*(1,B) := 161&)1 d(1—¢,p)

Theorem (Parry)

(xn)n>1 is S-admissible

< (CUm,CUm+1, s ) jlex d*(la 6)7 Vm > 1

Ex. B=71,d(1,7)=(1,0,1,0,---).



(3) Shift Space

Def.

Xg :=A{(vp)nez | V subword of (x,) appears
in an admissible seq. }

Theorem
(1) (Ito-Takahashi 1974)
Xﬁ is SFT
< d*(1, ) is purely-periodic

(2) (Bertrand-Mathis 1986)
Xp is Sofic
< d*(1, ) is eventually-periodic

Ex.
B=1, X; ={(xy)nez | 1 is isolated }.



(4) Invariant measure
The invariant measure on [0,1) w.r.t.
Ts is given by

V(E> — /E h/@(aj)daj7

where
hs(x) = o Ve<ryyy - 87"
(1) = T3N(B)), TH) =1

Normalization Constant

F(B) = [, hs(z)dx

Theorem (Parry)
(1) F(p) is right continuous

(2) F(p) is left dis-continuous
at simple Parry numbers.




32 Ito-Sadahiro expansion
(Ito-Sadahiro, 2009)

(1) Definition
Def.

Z'E(lﬁ,?’ﬁ), 15:5+1,T5:m,6>1

L alz) | axz)
(=6)  (=B)°
where
an(zv) — [—5Tf§1($) o l/@] S {07 17 e [5]}
T_s(x) = =Bz — [Pz — I3




(2) Admissible seq.

Def.

(xn)n>1 is (—F)-admissible
Uy (x,) is the (—()-expansion of some

x € |lg, ).

Notation

d(z, =) = (ar(z), az(z), - --)

d*(rg, —f) = 15]([)1 d(rg —€,—p)

Theorem
(xn)n>1 is (—F)-admissible

<
d(lg, —B) =15 (Tm, Timt1, - ),
(Tms Tty -+ 1) 215 d(rg, —B)

for Ym > 1, where

(an)n21 jIS (bn>n21

L (—1)ap)ns1 Zter (=1)"bp)nz1
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(3) Shift Space

Def.
X_5:={(xn)nez | V subword of (z,) appears

in an (—f) admissible seq. }

Theorem
X_z is sofic
<= d(lg, —f) is eventually periodic.

The set of forbidden words is

{10---01}
odd



(4) Invariant Measure

Theorem

The invariant measure 1s
= [, h_

where

h-s(x) = 2 L) <ay - (—=8)~".

Normalization Constant

_/lrﬁh

Qeven = {06 | d(l3,—p) is even periodic }
Qoad = {5 | d(l3,—p) is odd periodic }

Theorem

(1) At B € Qui F(-B) is right-
continuous, and left-discontinuous,

(2) At B € Qepen, F(—=0) is left-
continuous, and right-discontinuous.




83 An (—[()-expansion related
to Sturmian seq.

(1) Definition (for g =17)
(ext’d. to a’s with o* +ka =1, 8 =a 1,
ke N).

c 1 1
:C —_—
72T
1 R | L 1
1 : 1
L R | R ,|L

L R: R L L RiRL

r— (R, L,R,L,---) (R~ 1, L~ 01)
— (1,0,1,1,0,1,--+)




Relation to Fibonacci words

1
vg(n) = L1y ( -+ 9) , 0e€l0,1), neZ.

T

R, L-construction of vy

8_1:1, SQ:O, 81:1

Sn+1 = Sp Sn—1

IR

Sn+2
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Any vy can be constructed in this
manner.

vg— (R,L,R,L,---)
which has the same rep. for
r— (R, L,R,L,--)

with .
T
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Results

(2) Admissible seq.

(xn)n>1 is (—7)-admissible
< (0,1,0,1,- ) <pew (Tpy i1, -+ +), Vm > 1,

and (z,) does not have tail of 01101.
<= 0 is isolated and (z,) does not have
tail of 01101.

(3) Shift Space
(ajn>n€Z S X—T
<— () is isolated

<= The set of forbidden word is {00}

Hence X_. is SFT.
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(4) Invariant Measure

(—% <z <0)

1
hrlz) =11 0<z<i)

(5) Relation between two ex-
pansions

110

—o001 ™

Any (z,)>,(C {0,1}) can be “modi-
fied” via (x) into both

(i) IS -admissible seq.

and
(ii) Sturmian -admissible seq.
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(1) .IS — S

0000O00O
11

11010
1101010

(2) S — IS

1110101011
1000000111
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