Semihyperbolic entire functions

Walter Bergweiler

Mathematisches Seminar, Christian–Albrechts–Universität zu Kiel, Ludewig–Meyn–Str. 4, D–24098 Kiel, Germany

Shunsuke Morosawa

Department of Mathematics and Information Science, Faculty of Science, Kochi University, Kochi, 780–8520, Japan

Abstract. The concept of semihyperbolicity introduced by Carleson, Jones and Yoccoz for polynomials is carried over to transcendental entire functions. For certain classes of semihyperbolic entire functions it is shown that there are no wandering domains and that the Julia sets are locally connected.

1. Introduction

In complex dynamics the singularities of the inverse function play an important role. For example, they are closely related to periodic components of the Fatou set, cf., e.g., [19, §2.4]. For rational functions the set of singularities of the inverse consists precisely of the set of critical values; for entire functions we also have to consider the asymptotic values. We call the critical and asymptotic values singular values.

Already Fatou [13, §34] considered rational functions for which the ω-limit set of the critical values does not intersect the Julia set. Today such functions are called hyperbolic. A weakened form of hyperbolicity called subhyperbolicity was introduced by Douady and Hubbard [9, Exposé III]. Furthermore, building on work by Mañé [16], Carleson, Jones, and Yoccoz [8] introduced (for polynomials) the concept of semihyperbolicity. One aspect of the papers mentioned is to relate these concepts of hyperbolicity to the geometry of the Julia set. In particular, it is shown there that the above conditions imply that the Julia set is locally connected if it is connected.

In this paper, we consider semihyperbolic entire functions. We note that Kriete and Sumi [14] treated the more general case of semihyperbolic entire semigroups, but our results are in a somewhat different direction. We show that semihyperbolic entire functions do not have wandering domains in which the iterates have a finite limit function. This is used to show that certain entire functions do not have any wandering domains. We also show that the Julia sets of certain semihyperbolic transcendental entire functions are locally connected. We illustrate our results by a number of examples.

The readers are expected to be familiar with the basic notations and results of complex dynamics, which can be found in, e.g., [4, 7, 17, 21] for the dynamics of rational functions and [5, 11, 19] for those of transcendental entire functions.

2. Results

Let f be an entire function. We denote the n-th iterate of f by f^n, and the Fatou set and the Julia set of f by F (f) and J(f), respectively. For a ∈ C and r > 0, we use the notation D(a, r) = {z ∈ C | |z − a| < r}. We say that f is semihyperbolic at a if there exist r > 0 and N ∈ N such that for all n ∈ N and for all components U of f^{−n}(D(a, r)) = {z ∈ C | f^n(z) ∈ D(a, r)} the function f^n|_U : U → D(a, r) is a proper map of degree at most N. We say that f is semihyperbolic if f is semihyperbolic at all a ∈ J(f). Recall that the ω-limit set of a point a consists of all b ∈ C for which there exists an increasing sequence (n_k) such that f^{nk} (a) → b. A non-periodic point which is contained in its own ω-limit set is called recurrent. Mañé [16] showed that if f is rational and a ∈ J(f) is not a parabolic periodic point and not in the ω-limit set of a recurrent critical point, then f is semihyperbolic at a. Conversely, it is easy to see that a rational or entire function is not semihyperbolic at a parabolic periodic point or a recurrent critical point. Furthermore, an entire function is never semihyperbolic at an asymptotic value. We note, however, that there exists a transcendental entire function which has no asymptotic value, no parabolic periodic point and no recurrent critical point, but which is not semihyperbolic; see Example 1 below.

In [8], semihyperbolic polynomials are characterized by various conditions. The condition given in the following theorem is one of them. It was also obtained by Kriete and Sumi [14] in the case of semihyperbolic transcendental semigroups. For U ⊂ C we denote by diam(U) the spherical diameter of U.

Theorem 1 Let f be entire and suppose that f is semihyperbolic at a ∈ J(f). Then there exists s > 0 with the following property: for all ε > 0 there exists M ∈ N such that if n ≥ M and U is a component of f^{−n}(D(a, s)), then diam(U) < ε.

For completeness we include a proof of Theorem 1 in §3 below.

Corollary 1 Let f be entire. Assume that F (f) has a Siegel disk U. Then f is not semihyperbolic at any point of ∂U.

Another consequence of Theorem 1 is the following result.

Theorem 2 Let f be entire. If f is semihyperbolic at a ∈ C , then a is not a limit function of {f^n}_{n∈N} in any component of F (f).

Corollary 2 A semihyperbolic entire function does not have a wandering domain where the iterates have a finite limit function.

We remark that a semihyperbolic entire function may have wandering domains. For example, the function z → z + e^{−z} − 1 + 2πi is semihyperbolic and it has a wandering domain where the iterates tend to ∞; see [1].

We denote the set of all singular values of f by sing(f^{−1}) and define P (f) = ⋃_∞ n=0 f^n(sing(f^{−1})). It was shown in [6] that finite limit functions in wandering domains are contained in the derived set of P (f). Using Theorem 2 and Corollary 2 we can prove the non-existence of wandering domains for some functions where the argument of [6] does not seem to apply; see Examples 2–4 below.

To exclude wandering domains in these examples, the main tool used besides Theorem 2 and Corollary 2 is a theorem of Eremenko and Lyubich [12, Theorem 1] which says that if sing(f^{−1}) is bounded, then there does not exist a component of F (f) where the iterates of f tend to ∞. We denote the class of all transcendental entire functions f for which sing(f^{−1}) is bounded by B.

Corollary 3 If f ∈ B is semihyperbolic, and F (f) ≠ ∅, then F (f) consists only of attracting basins.

Now we turn our attention to the local connectivity of Julia sets. Local connectivity of Julia sets of certain transcendental entire functions was considered in [2, 3, 18].

Theorem 3 Let f be entire and U be a bounded invariant component of F (f). Assume that, for every a ∈ ∂U, there exist r > 0 and N ∈ N such that for n ∈ N every component V of f^{−n}(D(a, r)) with V ∩ ∂U ≠ ∅ satisfies deg(f^n|_V : V → D(a, r)) ≤ N. Then the boundary of U is a Jordan curve. In particular, if f is semihyperbolic on ∂U, then ∂U is a Jordan curve.

For the Julia set, we have the following.

Theorem 4 Let f be entire. Assume that F (f) consists of finitely many attracting basins. Suppose that if U is an immediate attracting basin, then U is bounded, f is semihyperbolic on ∂U, and there exists N ∈ N such that for every n ∈ N and for every component V ≠ U of f^{−n}(U) \ ⋃_{n−1} k=0 f^{−k}(U) we have deg(f^n|_V : V → U) ≤ N. Then J(f) is locally connected.

We note here that if an entire function f has an unbounded invariant component U, then ∂U and J(f) are not locally connected, except possibly if f|_U is univalent; cf. [2, 3].

3. Proofs of Theorem 1 and Theorem 2

Proof of Theorem 1. Let r and N be as in the definition of semihyperbolicity. We shall show that each s ∈ (0, r) has the required property. To do this, we assume that there exists s ∈ (0, r) for which this is false. We may assume that a = 0 and r = 1. Thus 0 < s < 1, and there exist ε > 0, a sequence (n_k) tending to ∞ and components U_k of f^{−nk} (D(0, s)) such that diam(U_k) ≥ ε for all k. This implies that there exist R > 0 with D(0, R) ∩ U_k ≠ ∅ for all k, say u_k ∈ D(0, R) ∩ U_k. Let V_k be the component of f^{−nk} (D ) that contains U_k. Then V_k is simply-connected, and thus there exists a biholomorphic map ϕ_k : D → V_k with ϕ_k(0) = u_k. Then B_k := f^{nk} ∘ ϕ_k is a Blaschke product of degree at most N, with |B_k(0)| = |f^{nk} (u_k)| < s. Next we note that there exists b ∈ C \D with f^n(b) /∈ D for all n ∈ N. (For example, this follows from the fact that {z ∈ C | f^n(z) → ∞} is not empty; see [10].) It follows that b /∈ V_k for all k. Hence |ϕ^′_k(0)| ≤ 4|b − u_k| ≤ 4(|b| + R) by Koebe’s one quarter theorem. This implies that the ϕ_k form a normal family. Passing to subsequences if necessary, we may assume that ϕ_k → ϕ for some holomorphic function ϕ : D → C and that B_k → B for some Blaschke product B satisfying |B(0)| ≤ s. There exists ρ ∈ (0, 1) with |B(z)| > s for |z| = ρ. This implies that if k is sufficiently large, then |B_k(z)| > s for |z| = ρ and thus ϕ^{−1}_k (U_k) ⊂ D(0, ρ). Using Koebe’s distortion theorem we find that U_k ⊂ ϕ_k(D(0, ρ)) ⊂ D ( u_k, |ϕ^′_k(0)|ρ (1 − ρ)^2 ) . On the other hand, since diam(U_k) ≥ ε, we have U_k ⊄ D ( u_k,^1_4 ε ) . Thus |ϕ^′_k(0)| ≥ ε(1 − ρ)^2/4ρ and hence |ϕ^′(0)| ≥ ε(1 − ρ)^2/4ρ. In particular, ϕ is not constant and is thus univalent. We deduce that f^{nk} = B_k ∘ ϕ^{−1}_k → B ∘ ϕ^{−1} locally uniformly on ϕ(D ). We shall now show that ϕ(D ) contains a point of J(f), which clearly contradicts the locally uniform convergence of f^{nk} on ϕ(D ). We choose z_k ∈ U_k with f^{nk} (z_k) = 0. Then z_k ∈ J(f) because 0 = a ∈ J(f) by hypothesis. For large k we have w_k := ϕ^{−1}_k (z_k) ∈ D(0, ρ). Passing to a subsequence if necessary we may assume that w_k → w_0 ∈ D . Then z_k = ϕ_k(w_k) → ϕ(w_0) ∈ J(f) ∩ ϕ(D ).

Theorem 2 follows easily from Theorem 1. However, it is also easily proved directly using the methods above. In fact, suppose that U is a component of F (f) with f^{nk} |_U → a as k → ∞. Let r be as in the definition of semihyperbolicity. We may again assume that r = 1 and a = 0. We fix c ∈ U and may assume that f^{nk} (c) ∈ D for all k. We denote the component of f^{−nk} (D ) that contains c by V_k and consider conformal maps ϕ_k : D → V_k with ϕ_k(0) = c. Then B_k := f^{nk} ∘ ϕ_k is a Blaschke product of degree at most N, with B_k(0) = f^{nk} (c) → 0. As before we may assume that ϕ_k → ϕ with a univalent function ϕ and B_k → B with a Blaschke product B satisfying B(0) = 0. Thus f^{nk} → B ∘ ϕ^{−1}, contradicting the assumption that f^{nk} → a = 0 on U.

4. Proofs of Theorem 3 and Theorem 4

Proof of Theorem 3. Since ∂U is compact, we can choose the same r > 0 and N ∈ N in the hypothesis for all a ∈ ∂U. First we show that there exist θ with 0 < θ < 1 and a constant c > 0 such that for every z ∈ ∂U and n ∈ N the Euclidean diameter of each component of f^{−n}(D(z,^1_2 r)) intersecting ∂U is less than c θ^n. Our argument is similar to that of Yin [22]. We denote the module of the Grötzsch ring domain D \ {x | 0 ≤ x ≤ r} by μ(r). Grötzsch’s theorem says that if A is an annulus separating 0 and z ∈ D from the unit circle, then the module mod(A) of A satisfies mod(A) ≤ μ(|z|). It follows that if A separates two points z_1, z_2 ∈ D from the unit circle, then mod(A) ≤ μ(|z_1−z_2|/|1−z_1z_2|). This implies that if a ∈ C , R > 0 and C ⊂ D(a,^1_2 R) is compact and connected, then mod(D(a, R)\C) ≤ μ((4 diam_E (C)/5)R), where diam_E(·) denotes the Euclidean diameter. We note that there exists L ∈ ( 0,^1_2 ) with μ(r) < log(4/r) for all r < L;

see [15, §II.2]. The argument used in the proof of Theorem 1 shows that there exists n_0 ∈ N such that if n ≥ n_0, then diam_E(V ) <^1_2 rL <^1_4 r for each component V of f^{−n}(D(z,^1_2 r)) intersecting ∂U. For simplicity we shall assume that n_0 = 1. We fix n ∈ N and z_0 ∈ ∂U, and consider a component V_n of f^{−n}(D(z_0,^1_2 r)) intersecting ∂U. We define r_n := diam_E (V_n). We take z_n ∈ V_n ∩ ∂U satisfying f^n(z_n) = z_0 and set z_{n−k} = f^k(z_n) for k = 1, 2, · · · , n − 1. Let V_k be a component of f^{−k}(D(z_{n−k},^1_2 r)) containing z_n. Then

f^k(V_{k+1}) ⊂ D ( z_{n−k}, r 4 ) for k = 0, 1, · · · , n − 1 and

V_0 := D ( z_n, r 2 ) ⊃ V_1 ⊃ · · · ⊃ V_n. Since log 2 2π = mod ( D ( z_n, r 2 ) \ D ( z_n, r 4 ))

≤ mod ( D ( z_n, r 2 ) \ V_1 ) = mod ( f^k ( V_k \ V_{k+1} )) = deg ( f^k|_{Vk\Vk+1} : V_k \ V_{k+1} → f^k ( V_k \ V_{k+1} )) · mod ( V_k \ V_{k+1} ) ≤ N · mod ( V_k \ V_{k+1} ) we have

mod(V_k \ V_{k+1}) ≥ log 2 2πN , for k = 1, 2, · · · , n − 1. Since V_1 ⊂ D(z_n,^1_4 r) the last inequality is also true for k = 0. Hence we have log 5r 2r_n > μ ( 4 5 · 2 r r_n ) ≥ mod(V_0 \ V_n) ≥ n−1∑ k=0 mod(V_k \ V_{k+1}) ≥ n log 2 2πN . We deduce that c = 5r/2 and θ = 2^{−1/2πN} have the required properties. The arguments used to show that an entire function cannot be semihyperbolic at a parabolic point or at a boundary point of a Siegel disk extend to the more general situation considered here where only branches of f^{−n} fixing ∂U are considered. Thus U is not a parabolic basin or a Siegel disk. Hence U is an attracting component and f|_U is conjugate to a finite Blaschke product on the unit disk D . Let q be the degree of that Blaschke product. In the rest of the argument we follow [4, §9.9], [7] and [21, §5.5]. As in [7, Theorems V.4.1 and VI.5.1] there exists ρ ∈ (0, 1), a compact, connected set E ⊂ U and a homeomorphism φ : {z ∈ C | ρ < |z| < 1} → U \ E such that f(φ(z)) = φ(z^q) for ρ^{1/q} < |z| < 1. We may choose t_0 ∈ (ρ, 1) such that dist(φ(z), ∂U) <^1_2 r for t_0 ≤ |z| < 1. Here dist(·, ·) denotes Euclidean distance. Then there exists M ∈ N and t_1, . . . , t_{M−1} ∈ (t_0, t^{1/q}_0 ) with t_0 < t_1 < . . . < t_{M−1} < t_M := t^{1/q}_0 such that for all s ∈ [0, 2π] and for all j ∈ {1, . . . , M} there exists z ∈ ∂U with {φ (te^{is}) | t_{j−1} ≤ t ≤ t_j} ⊂ D(z,^1_2 r). We consider the sets Γ(s, j, n) := { φ ( te^{is} ) | (t_{j−1})^{1/qn} ≤ t ≤ (t_j )^{1/qn} } . Thus for all s and j there exists z ∈ ∂U with Γ(s, j, n) ⊂ D(z,^1_2 r). Since f^n (φ (te^{is})) = φ ( t^{qn} e^{iqns} ) we have f^n(Γ(s, j, n)) ⊂ Γ(q^ns, j, 0) ⊂ D(z,^1_2 r) for some z ∈ ∂U so that diam_E (Γ(s, j, n)) ≤ c θ^n, for all s, j and n. We define γ_n : [0, 2π] → U \ E, γ_n(s) = φ(t^{1/qn}_0 e^{is}). Then {γ_n(s), γ_{n+1}(s)} ⊂ Γ(s, 1, n) ∪ Γ(s, M, n) ⊂ M⋃ j=1 Γ(s, j, n) so that

|γ_n(s) − γ_{n+1}(s)| ≤ diam_E (_M ⋃ j=1 Γ(s, j, n) ) ≤ Mc θ^n. This implies that (γ_n) converges uniformly to a continuous function γ : [0, 2π] → ∂U. Since f is entire we can deduce from the maximum principle that γ is actually a Jordan curve.

Proof of Theorem 4. To see that J(f) is locally connected, due to a Theorem of Whyburn, it suffices to show that (i) the boundary of each Fatou component is locally connected and (ii) for an arbitrary ε > 0, the number of Fatou components whose diameter with respect to the spherical distance exceeds ε is finite. It follows from the hypotheses that each Fatou component is bounded. Furthermore, its boundary is a Jordan curve by Theorem 3. This implies the condition (i). Let {D(z_k,^1_2 r), z_k ∈ ∂U}^M_{k=1} be an open covering of the boundary of an attracting component U, where r is as in the definition of semihyperbolicity. Since, by hypothesis, for every n ∈ N and every component V of f^{−n}(U) \ ⋃_{n−1} k=0 f^{−k}(U) we have deg(f^n|_V : V → U) ≤ N, we deduce that ∂V is covered by at most NM components of the preimages of the disks D(z_k,^1_2 r) under f^n. Theorem 1 shows that diam(V ) tends to 0 as n tends to infinity. This implies (ii).

5. Examples

The first example shows, as already mentioned in §2, that Mañé’s characterization of semihyperbolicity for rational functions does not carry over to entire functions.

Example 1 Let f(z) = z 2 − 1 2π sin πz + c(cos πz − 1),

where c = 0.467763 · · · is a solution of the equation π +2 cos 2cπ −4cπ sin 2cπ = 0. Then f has no asymptotic values, no parabolic periodic point and no recurrent critical point, but f is not semihyperbolic at 1 ∈ J(f).

Figure 1. The Julia set of the function from Example 1. The basin of attraction of 0 is black, that of β is grey, and the Julia set is white. The range shown is −4 ≤ ℜz ≤ 10, |ℑz| ≤ 3. One can see that there are eight (resp. four) components of the basin of 0 with the point 8 (resp. 4) on their boundary.

Verification. Suppose that f has an asymptotic value, say f(z) → a as z → ∞ on a path γ connecting 0 with ∞. Then f(z)/z → 0 as z → ∞ on γ. Also, f(z)/z →^1_2 as z → ∞ along the positive or negative real axis. We may assume that γ does not intersect itself and intersects R only in 0. Thus we obtain four domains bounded by γ, γ and R. In these domains f(z)/z is unbounded. Hence f(z)/z has at least four direct singularities over ∞. Since f(z)/z has order 1, this contradicts the Denjoy-Carleman- Ahlfors theorem [20, §XI.4]. Thus f has no asymptotic values. Since

f^′(z) = 1 2 − 1 2 cos πz − cπ sin πz = 1 2 − √ 1 + 4π^2c^2 2 sin(πz + θ), where θ = 0.327959 · · · satisfies sin θ = 1/ √ 1 + 4π^2c^2 and cos θ = 2cπ/ √ 1 + 4π^2c^2, the critical points of f are z = 2n and z = 2n + 1 − (2θ/π) = 2n + 1 − 0.208785 · · · for n ∈ Z. Hence 0 is a superattracting fixed point. It is easy to see that f(2k) = k for k ∈ Z. Hence we have f^n(2^n) = 1 and the finite orbit {2^n, f(2^n) = 2^{n−1}, f^2(2^n) = 2^{n−2}, · · · , f^{n−1}(2^n) = 2} consists of n critical points. It follows that if r > 0 and U is the component of f^{−n}(D(1, r)) that contains 2^n, then deg(f^n|_U : U → D(1, r)) ≥ 2^n. Hence f is not semihyperbolic at 1. The equation satisfied by c implies that α = f(1) =^1_2 −2c = −0.435526 · · · is a fixed point of f. By calculation, we see that f^′(α) = 1.838896 · · · so that α is repelling. We deduce that α ∈ J(f) and since α = f(1) this implies that 1 ∈ J(f). Furthermore, we see that β = f(−1) = α − 1 is a fixed point of f, with f^′(β) = 1 − f^′(α) = −0.838896 · · ·. Hence β is an attracting fixed point. The zeros of f^′ − 1 are given by z = 2n + 1 and z = 2n − (2θ/π), with n ∈ Z. By Rolle’s theorem, any interval bounded by two (real) fixed points of f contains at least one zero of f^′ − 1.

Since there is exactly one zero of f^′ − 1 in each of the intervals (β, α) and (α, 0), these intervals contain no fixed points of f, and we have f(x) > x for x ∈ (α, 0) and f(x) < x for x ∈ (β, α). Moreover, the interval (α, 0) contains no critical point of f so that f((α, 0)) ⊂ (α, 0). Together with f(x) > x for x ∈ (α, 0) this implies that (α, 0] is contained in the attracting basin of 0. Next we note that if x < β, then f(x) > x. This follows from the fact that the local minima of f(x)−x are taken at the points 2n+1 and that f(2n + 1) = n + α > 2n + 1 for n ≤ −2. A similar argument shows that f(x) < x for x > 0. We now show that (−∞, α) is contained in the attracting basin of β. To do so we note that ξ = −1.208785 · · · is the only critical point of f contained in the interval (−2, 0). We have f(ξ) = −1.539919 · · · and f^2(ξ) = −1.337119 · · ·. Since there is no critical point in the interval (f(ξ), ξ), we obtain f([f(ξ), ξ]) = [f(ξ), f^2(ξ)] ⊂ [f(ξ), ξ]. If we denote by I_n the closed interval bounded by f^{n−1}(ξ) and f^n(ξ), the last equation takes the form f(I_1) = I_2 ⊂ I_1, and induction shows that f(I_n) = I_{n+1} ⊂ I_n for all n ∈ N. It is not difficult to see that there exists η < 1 such that |f^′(x)| ≤ η for x ∈ I_3. It follows that f^n(x) → β as n → ∞, uniformly for x ∈ I_3, and hence for x ∈ I_1. We also have f([ξ, −1]) = [f(ξ), f(−1)] = [f(ξ), β] ⊂ I_1, and thus f^n(x) → β as n → ∞ also for x ∈ [ξ, −1]. For x < β we have x < f(x) ≤ f(−2) = −1. This implies that f^n(x) → β as n → ∞ for x < β. Using f(x) < x for β < x < α we then obtain f^n(x) → β as n → ∞ for all x ∈ (−∞, α). Finally, using f(x) < x for x > 0 we see that for every real number its orbit converges to 0 or β, or it is eventually mapped onto α. In particular, this is the case for every critical point. Thus f has no parabolic periodic point and no recurrent critical point.

In the following examples we use Corollaries 2 and 3 to rule out wandering domains. In Example 2 we can then use Theorem 4 to prove that J(f) is locally connected, while J(f) = C in Example 3.

Example 2 Let f(z) = az π^2 − 4z cos √ z. There exists A such that if π^2 < a < A, then f has the following properties: f is semihyperbolic and has an attracting fixed point such that F (f) consists of its basin. Also, J(f) contains infinitely many critical values. Furthermore, J(f) is locally connected.

Verification. Similarly as in Example 1 we see that there exists no asymptotic value. Next we note that all critical points of f are real. For example, this follows from the fact that polynomials with only real zeros have only real critical points, and f is a locally uniform limit of such polynomials. This argument also shows that between two zeros of f there is exactly one critical point. The critical points are thus given by c^+_1 < c^−_1 < c^+_2 < · · · with c^+_1 ∈ (0, (^3_2 π)^2), c^+_n ∈ ((2n −^3_2 )^2π^2, (2n −^1_2 )^2π^2) for n ≥ 2 and c^−_n ∈ ((2n −^1_2 )^2π^2, (2n +^1_2 )^2π^2) for n ∈ N. Clearly we have f(c^+_n ) > 0 and f(c^−_n ) < 0. Now the maximum of f in the interval ((2n −^3_2 )^2π^2, (2n −^1_2 )^2π^2) is attained at c^+_n for

Figure 2. The Julia set of the function from Example 2 for a = 3π^2. In this case α = π^2 is an attracting fixed point. The basin of attraction of α is black and the Julia set is white. The range shown is −25 ≤ ℜz ≤ 150, |ℑz| ≤ 60.

n ≥ 2, and it tends to a/4 as n → ∞. Hence lim_{n→∞} f(c^+_n ) = a/4. Similarly, we have lim_{n→∞} f(c^−_n ) = −a/4. Hence f belongs to B.

We see that f is a unimodal map on the interval [0, 9π^2/4]. Furthermore we have f(0) = f(9π^2/4) = 0 and f^′(0) = a/π^2 > 1 for a > π^2 so that 0 is a repelling fixed point. The zeros of f^{′′} are located in the intervals bounded by the zeros of f^′. A numerical computation shows that the smallest zero of f^{′′} is at z = 18.76159 · · ·. We find that f is concave in the interval [0, 18.76159 · · ·]. Since f attains its maximum in this interval at c^+_1 = 8.07147 · · · we conclude that f has exactly one fixed point α = α(a) in (0, 9π^2/4). Moreover, α(a) → 0 as a → π^2 and α(a) → 9π^2/4 as a → ∞, and α is an increasing function of a. We also see that f^′(α) ∈ [0, 1) for α ∈ (0, c^+_1 ] and that f^′(α) is a decreasing function of a as long as α ∈ [c^+_1 , 18.76159 · · ·]. A numerical computation shows that a = 43.90495 · · · and α = 12.5642 · · · are a solution of the simultaneous equations f(α) = α and f^′(α) = −1. We set A = 43.90495 · · · and conclude that if π^2 < a < A, then 1 > f^′(α) > −1 so that α is an attracting fixed point.

Since π^2 cosh y − (π^2 + 4y^2) > 0 for y > 0 and a > π^2, we have f(x) < x for x < 0. Hence f^n(x) → −∞ as n → ∞ for x < 0 and thus (−∞, 0) is contained in J(f) because f ∈ B. Thus c^−_n ∈ J(f) for all n ∈ N. We denote by U the immediate attractive basin of α. Then U contains at least one critical point. Since U is simply connected and symmetric with respect to the real axis and since c^−_n ∈ J(f) for all n ∈ N, we conclude that c^+_n /∈ U for n ≥ 2. Thus c^+_1 ∈ U.

We shall show now that in fact (0, c^+_1 ] ⊂ U. Let I be the closed interval with endpoints α and c^+_1 . Using the simple connectivity and symmetry of U as before we see that I ⊂ U. If α ≤ c^+_1 so that I = [α, c^+_1 ] we have x < f(x) < α for 0 < x < α and this implies that (0, α) ∈ U. Suppose now that c^+_1 < α so that I = [c^+_1 , α]. Then f(I) = [α, f(c^+_1 )] ⊂ U. For 0 < x < α we have x < f(x) ≤ f(c^+_1 ), and this implies that (0, α) ∈ U. Altogether we find that (0, c^+_1 ] ⊂ (0, α) ∪ I ⊂ U and hence that (0, f(c^+_1 )] ⊂ U in any case.

Next we show that f(c^+_1 ) > f(c^+_n ) for n ≥ 2. To do so, we note that if n ≥ 2, then c^+_n ≥ (2n −^3_2 )^2π^2 ≥ (^5_2 π)^2 and thus

f(c^+_n ) ≤ ac^+_n 4c^+_n − π^2 = a 4 − π^2/c^+_n ≤ a 4 − π^2/(^5_2 π)^2 = 25a 96 . On the other hand, a numerical computation yields c^+_1 = 8.071473 · · · and f(c^+_1 ) = 0.343930 · · · a > 25a/96. Hence the f(c^+_n ) are contained in U. Using the simple connectivity and symmetry as above we see that the Fatou components containing the c^+_n are mutually disjoint. We conclude that deg(f^n|_V : V → U) ≤ 2 for n ∈ N and every component V ≠ U of f^{−n}(U) \ ⋃_{n−1} k=0 f^{−k}(U).

A similar consideration shows that if x ∈ R ∩J(f), then there exists r > 0 such that deg(f^n|_V : V → D(x, r)) ≤ 2 for n ∈ N and every component V of f^{−n}(D(x, r)). And of course, if z ∈ C \R and r < |ℑz|, then f is univalent on every component f^{−n}(D(x, r)) for n ∈ N. From the above, we see that f is semihyperbolic. It follows from Corollary 3 that F (f) is equal to the attracting basin of α.

There exists a component L of f^{−1}((−∞, f(c^−_1 )]) which intersects R only in c^−_1 . Clearly U does not intersect L. Actually L is a curve which has an asymptotic curve of the form x = by^2 + c, where z = x + iy and b < 0. This follows since the function z → cos √ z is a composed function of z → √ z and z → cos z and has no critical point in the negative real axis. Furthermore, az/(π^2 − 4z) tends to the negative constant −a/4 as |z| → ∞. We denote the domain bounded by L which contains U by D. For sufficiently large R, we see |f(z)| ≈ exp |ℑ √ z| for z ∈ D and |z| > R and hence we have |f(z)| > |z| for z ∈ D, |z| > R. This implies that U ⊂ D ∩ D(0, R) so that U is bounded. From Theorem 4, we see that J(f) is locally connected.

Example 3 Let f(z) = z π^2 − 4z cos √ z − b, with b chosen so large that f(x) < x for all x ∈ R. Then f is semihyperbolic and J(f) = C . Moreover, f has infinitely many critical values.

Verification. We note that f^′ − 1 has only one real zero c = −18.5261 · · ·. It suffices to choose b such that f(c) < c. This shows that b > 10.36071 · · · satisfies the hypothesis.

As before we see that there are no asymptotic values and that all critical points are in the positive real axis. Hence f belongs to B. By the assumption f(x) < x for all x ∈ R, the orbit of each critical point tends to infinity. Thus F (f) has no periodic component. We see that f is semihyperbolic by the argument before. Hence f has no wandering domain where limit functions are finite by Corollary 2. Since f ∈ B, we conclude J(f) = C .

Our last example shows that semihyperbolicity at the boundaries of Fatou components may suffice to prove the local connectivity of a Julia set.

Example 4 Let f(z) = a − (a + π) sin z z with a = 3.0008 · · · which satisfies f(a) = f^5(a). Then f is semihyperbolic at every point of J(f) except a, f(a), f^2(a), f^3(a) and f^4(a), and f has no wandering domain. Moreover J(f) is locally connected.

Figure 3. The Julia set of the function from Example 4. The basin of attraction of α is black and the Julia set is white. The range shown is −5 ≤ ℜz ≤ 25, |ℑz| ≤ 8. One can see that c^+_1 = 4.493409 · · · ∈ U, that c^+_2 = 10.90412 · · · and c^+_3 = 17.22075 · · · are in preimages of U and that c^+_4 = 23.51945 · · · ∈ J(f).

Verification. It is clear that a is an asymptotic value and, by the assumption, a is preperiodic and f(a) is a periodic point with period 4. A numerical computation shows that the periodic cycle {f(a), f^2(a), f^3(a), f^4(a)} is repelling. As in Example 2 we see that all critical points are in the real axis and thus P (f) is contained in the real axis. We denote the critical points by 0, ±c^+_i and ±c^−_i for i ∈ N, with 0 < π < c^+_1 < c^−_1 < c^+_2 < · · ·, and they satisfy lim_{i→∞} ±c^+_i = lim_{i→∞} ±c^−_i = ±∞, f(±c^+_i ) > a, 0 < f(±c^−_i ) < a, lim_{i→∞} f(±c^+_i ) = a and lim_{i→∞} f(±c^−_i ) = a.

Numerical computation shows that f has an attracting fixed point α = 4.31283 · · · ∈ [π, 2π] and a repelling fixed point β = 3.30750 · · ·. Similarly as in Example 2 we see that the interval (β, α] is contained in the immediate basin U of α. Moreover, we have c^+_1 ∈ U.

Next we note that 0 is the only critical point of f contained in the interval [−π, π] and that f(0) = −π and f(±π) = a. Thus f restricted to [−π, π] is a unimodal map satisfying f([−π, π]) ⊂ [−π, π]. A periodic component of F (f) intersecting [−π, π] is an attracting or parabolic basin and thus contains a critical point of f. On the other hand, it is also simply connected. Arguing as in Example 2 we see that there is no periodic component of F (f) intersecting [−π, π].

For x ∈ [π, β) we have f(x) < x and thus f^n(x) ∈ [−π, π] for sufficiently large n. A numerical computation yields c^+_2 = 10.90412 · · ·, c^+_3 = 17.22075 · · ·, f(c^+_2 ) = 3.56175 · · · and f(c^+_3 ) = 3.35688 · · ·. This implies that {f(c^+_2 ), f(c^+_3 )} ⊂ (β, α) so that lim_{n→∞} f^n(±c^+_i ) = α for i ∈ {2, 3}. Note that the Fatou component containing c^+_2 and the Fatou component containing c^+_3 are different because c^+_2 < 4π < c^+_3 and f(4π) = a ∈ J(f). Since c^+_i > 13π/2 for i ≥ 4, we have

f(c^+_i ) = a − (a + π) sin c^+_i c^+_i ≤ a + 2(a + π) 13π = 3.3016 · · · < β by numerical computation. Hence f^n(c^+_i ) ∈ [−π, π] ⊂ J(f) for sufficiently large n if i ≥ 4. Also, it is not difficult to see that f(±c^−_i ) ∈ [−π, π] for all i ∈ N. By an argument similar to that in the verification of Example 2 we now find that f is semihyperbolic at every point of J(f) except a, f(a), f^2(a), f^3(a) and f^4(a).

By Theorem 2, if f has a wandering domain, then the only possible finite limit functions there are a, f(a), f^2(a), f^3(a) and f^4(a). Since f(a), f^2(a), f^3(a) and f^4(a) form a repelling periodic cycle, there exists no wandering domain with finite limit functions. Hence f has no wandering domain and no Baker domain because f belongs to B. Thus every Fatou component is eventually mapped on the attracting component U containing α. It is clear that deg(f^n |_V : V → U) ≤ 2 for n ∈ N and every component V ≠ U of f^{−n}(U) \ ⋃_{n−1} k=0 f^{−k}(U).

The imaginary axis is mapped into the negative real axis. There exist a curve L containing c^−_1 which is mapped into (−∞, π). It has an asymptotic line x = 2π. We denote the domain bounded by the imaginary axis and L by D. Since U is a simply connected invariant component, we have U ⊂ D. For sufficiently large M, we have f(z) ≈ e^{−iz} in D ∩ {z | ℑz > M} and f(z) ≈ e^{iz} in D ∩ {z | ℑz < −M}. Thus |f(z)| > |z| for z ∈ D, |z| > M, if M is sufficiently large. Hence U is bounded. Because U is symmetric with respect to real axis, f(a), f^2(a), f^3(a) and f^4(a) are not on ∂U and neither is a. From Theorem 3, ∂U is a Jordan curve.

A point which is not on the boundary of any Fatou component is called a buried point. Since every Fatou component is eventually mapped to U and since a, f(a), f^2(a), f^3(a) and f^4(a) are not on ∂U, we conclude that a, f(a), f^2(a), f^3(a) and f^4(a) are buried points. By Theorem 4 we see that J(f) is locally connected.

Finally we briefly mention the example

f(z) = π^2 − a sin √ z √ z considered in [6]. It was shown there that f ∈ B and that P (f) ∩ J(f) has no finite limit points if π^2 < a < 2π^2. Then the main result of [6] was used to show that f has no wandering domains for a in this range. The methods of this paper allow to show that f has no wandering domains for π^2 < a < A = 91.1046 · · ·, where A is chosen such that the smallest positive fixed point w of f satisfies f^′(w) = −1 if a = A. Moreover, J(f) ∩ P (f) and in fact J(f) ∩ sing(f^{−1}) have finite limit points for 2π^2 ≤ a < A, so that the method of [6] does not seem to be applicable. The arguments used to show this are similar to the ones used before. We omit the details.

Acknowledgments

We thank the referee for a careful reading of the manuscript and valuable suggestions. This work was done during the second author’s stay in Kiel from September 2000 to January 2001. He would like to thank the Japan Society for the promotion of Science for the partial financial support (grant-in-aid 12640182) for his visit. He would also like to thank Professor Walter Bergweiler, his colleagues and staff of Christian–Albrechts– Universität zu Kiel for their hospitality. The first author thanks the German–Israeli Foundation for Scientific Research and Development, Grant G.I.F., G-643-117.6/1999, and INTAS-99-00089 for support.

References

[1] I. N. Baker, Wandering domains in the iteration of entire functions, Proc. London Math. Soc. (3) 49(1984), 563-576.

[2] I. N. Baker and P. Domínguez, Some connectedness properties of Julia sets, Complex Variables Theory Appl. 41 (2000), 371-389.

[3] I. N. Baker and J. Weinreich, Boundaries which arise in the dynamics of entire functions, Rev.

Roum. Math. Pures Appl. 36 (1991), 413-420.

[4] A. F. Beardon, Iteration of Rational Functions, Springer, New York, 1991. [5] W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc. 29(1993), 151-188. [6] W. Bergweiler, M. Haruta, H. Kriete, H. Meier and N. Terglane, On the limit functions of iterates in wandering domains, Ann. Acad. Sci. Fenn. Series A. I. Math., 18(1993), 369-375.

[7] L. Carleson and T. W. Gamelin, Complex Dynamics, Springer, New York, 1993. [8] L. Carleson, P. Jones and J. Yoccoz, Julia and John, Bol. Soc. Bras. Mat., 25(1994), 1-30. [9] A. Douady and J. Hubbard, Étude dynamique des polynômes complexes I & II, Publ. Math.

d’Orsay, (1984, 1985).

[10] A. E. Eremenko, On the iteration of entire functions, in “Dynamical systems and ergodic theory”, Banach Center Publications 23, Polish Scientific Publishers, Warsaw 1989, 339-345.

[11] A. E. Eremenko and M. Yu. Lyubich, The dynamics of analytic transforms, Leningrad Math. J., 1(1990), 563-634.

Semihyperbolic entire functions 14

[12] A. E. Eremenko and M. Yu. Lyubich, Dynamical properties of some classes of entire functions, Ann. Inst. Fourier Grenoble, 42(1992), 989-1020.

[13] P. Fatou, Sur les équations fonctionelles, Bull. Soc. Math. France 47 (1919), 161-271; 48 (1920), 33-94, 208-314.

[14] H. Kriete and H. Sumi, Semihyperbolic transcendental semigroups, J. Math. Kyoto Univ., 40(2000), 205-216.

[15] O. Lehto and K. I. Virtanen, Quasikonforme Abbildungen, Springer-Verlag, 1965. [16] R. Mañé, On a theorem of Fatou, Bol. Soc. Bras. Mat., 24(1993), 1-11. [17] J. Milnor, Dynamics in One Complex Variables, Vieweg, 1999.

[18] S. Morosawa, Local connectedness of Julia sets for transcendental entire functions, Proceedings of the International Conference on Nonlinear Analysis and Convex Analysis (eds. W. Takahashi and T. Tanaka), World Scientific, November 1999, 266-273.

[19] S. Morosawa, Y. Nishimura, M. Taniguchi, and T. Ueda, Holomorphic dynamics. Cambridge Studies in Advanced Mathematics 66, Cambridge University Press 2000.

[20] R. Nevanlinna, Analytic functions, Springer, Berlin, Heidelberg, New York 1970. [21] N. Steinmetz, Rational Iteration, Walter de Gruyter, Berlin, 1993.

[22] Yin Yongcheng, Julia sets of semi-hyperbolic rational maps, Chinese Ann. Math. Ser. A 20 (1999), 559-566; translation in Chinese J. Contemp. Math. 20 (1999), 469-476 (2000).